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PREFACE. 



This text is intended primarily for the college and the tech- 
nical school. By treating only the subjects usually given in the 
college course in algebra, space has been gained for a more detailed 
exposition of the more difficult topics. As the extent and the 
character of the review at the beginning of the course upon topics 
prescribed for entrance to college varies so widely, and as the 
review is usually conducted in an informal manner, it seemed best 
to the author to leave to the instructor the review of the ele- 
mentary principles, but to give in the text review exercises. 

As to the order of the subjects, the aim has been to present 
first those topics which are readily mastered by the student, and to 
reserve for the latter part of the text the questions grouped around 
the subjects involving infinite series. In reviewing the subject 
of simultaneous equations, the student is led naturally, almost 
unavoidably, to the determinant notation. Determinants are there- 
fore treated early in the text, an order of presentation shown by 
actual experience to give very satisfactory results, especially in 
arousing the interest of the student. 

In the chapter on graphic algebra, the first principles of 
coordinate geometry are introduced and applied to the study of 
simultaneous equations and inequalities. In this connection is 
presented an elementary account of the solution of numerical equa- 
tions, chiefly from the graphic standpoint. The arrangement is 
Buch as to admit of a very brief course or of a fuller course 
involving Horner's method of synthetic division. The practice of 

• • • 
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IV PREFACE, 

emphasizing graphic algebra in courses for technical students com- 
mends itself also to the general student. 

Attention is invited to the proofs of the fundamental theorems 
on logarithms, the treatment of mathematical induction and the 
illustrations showing the necessity of the different steps in the 
process, the examples from the physical sciences of the topic varia- 
tion, the complete proof of the general binomial theorem independ- 
ent of the principle '* permanence of form," the establishment of 
the relations between the roots and the coefficients of the quad- 
raticy cubic, and quartio equations prior to the proof of the general 
theorem, the solution of those equations before introducing the 
assumption that every equation has a root (here proved in the 
Appendix). 

The attempt has been made to present the subjects limits and 
infinite series in as simple form as is consistent with rigor. 

Forty-five sets of exercises, averaging over fifteen to a set, are 
given at very short intervals in the text. Some historical data 
have been introduced, with no attempt to give the source, the 
subject-matter being classical. 

The author is under great obligation to Dr. Moulton, of the 
Department of Astronomy of the University of Chicago, who read 
with care the entire manuscript and offered numerous suggestions 
as to the form of presentation, most of which have been adopted. 
Likewise the thanks of the author are due Professor J. W. A. 
Young of the same University, who examined the more critical 
chapters and offered valuable suggestions. 

Proof-sheets of the entire book were carefully read by Professor 
L. L. Conant of the Worcester Polytechnic Institute, whose correc 
tions and suggestions have led to numerous improvements. Finally, 
the author is indebted to Professors Moore and Young of the Uni 
versity of Chicago, who examined critically the proof-sheets of 
certain portions of the text. 

Chicago, January, 1902. 
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COLLEGE ALGEBRA. 



CHAPTER I. 
NUMBER IN ALGEBRA; SURDS AND TMAGINARIE8. 

1. The natural numbers or positive integers (1, 2, 3, ...) make 
it possible to enumerate the objects of a group considered for the 
time as equivalent entities. It has been established that primitive 
counting was done on the fingers and that in many languages the 
numeral 5 is merely the word for hand, 10 for both hands, and 20 
for the whole man (hands and feet).* While 5, 10, 20, and 60 have 
been used as bases^ 10 is the usual base. 

If a group of objects can be partitioned into equivalent smaller 
groups, each smaller group or a combination of them is a fraction 
ih h h "-) ^^ *^® original group. Abstractly, a fraction is the 
quotient of two positive integers. Fractional results may or may 
not admit of an interpretation in a particular problem. A shepherd 
would declare it to be impossible to separate his flock of 50 sheep 
into three equal flocks ; but would find no theoretical difficulty in 
dividing a 50-foot rope into three equal pieces. The algebraic 
statement for each problem is the same : to find x such that 



♦Thus in the language of the Tamanacs, the word for 6 is "one on the 
other hand"; the word for 12 is "two to the foot"; for 15, "a whole foot"; 
for 16, " one to the other foot "; the word for 20 is "one Indian "; for 40, 
" two Indians "; etc. 
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3a; = 50. The formal solution is a: = ^ ; the possibility of its 
interpretation depends upon the character of the special problem. 

The Egyptians used fractions before 1700 B.C.* and resolved 
them into sums of unit fractions. Thus f was written 3 15, which 
meant \ + tV- ^7 *^® Babylonians, | was written 37 30, which 

meant -^^ -f ^k^. Instead of fractions, the Greek geometers used 
60 60 

the ratio of two numbers or two magnitudes. 

For the introduction of negative numbers (as well as the decimal 
positional system and the symbol 0), algebra is indebted to the early 
mathematicians of India (between 500 and 600 a.d.). We now 
find it convenient to write — 15° for 15° below zero ; — - 100 ft. for 
100 feet below sea-level, thereby abbreviating our map notations. 
The determination of a number x such that h '\'X — c leads to the 
algebraic solution x:= c — b, lib exceeds c, the result c — J is a 
negative number. Such a result would be excluded if the problem 
were to find how many feet of rope must be added to a rope b feet 
long to make a rope c feet long. But the negative result leads us 
to restate the problem so that the required c-foot rope is seen to be 
obtained by cutting off ^ — c feet of rope from the J-foot rope. 

In this connection, we note the Roman notations IV for 4, VI 
for 6, IX for 9, XI for 11, which seem to have been of Etruscan 
origin. 

The term rational number includes positive and negative in- 
tegers and fractions. All other numbers are called irrational. 

The solution of equations of the form a:** = A^ where -4 is a 
rational number and n a positive integer, introduces two classes of 
irrational numbers. Thus, for tj = 2, and A a positive integer not 
the square of a rational number, the square root of A^ denoted by 
the symbol VA, is an irrational number called a quadratic surd. 
Similarly, V2, V— 4, V Ay A not the cube of a rational number, 

♦Rhind papyrus, "Directions for Attaining to the Knowledge of All 
Dark Things." 
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are surds of the third order. In general, VA, where A is positive 
if n is even, is a surd of order n. The second class of irrational 
iiumbers are defined by the symbols VA, where A is negative and 
^ even (§ 4). 

I While the equation ar^ = 80 possesses the formal solutions 
^= ± i/80 (the positive root is designated i^SO, the negative — i^SO), 
the possibility of the interpretation of one or both results depends 
upon the character of the particular problem. It is possible to form 
a square of area 80 square feet, but impossible to arrange 80 square 
blocks of equal size in the form of a square and yet preserve the 
form of each block. 

2. The fact that surds really exist as such may be illustrated by 
showing that 1^2 is not expressible as a rational number. If we 
take the side of a square as the unit of length, the diagonal is of 
length 4^2. But it is proved in Geometry that the side and diago- 
nal are incommensurable (see § 55). Hence 1 and 4^2 have no 
common measure. It follows that V^ is not equal to a rational 
number. For, if 

(1) V2 = I, 

then - would be contained p times in V2 and q times in 1 and hence 
9 

be a common measure of 1 and 4^. 

To give a purely algebraic proof, suppose that equation (1) holds 

P 
true, the fraction — being in its lowest terms, so that p and q are 

integers having no common divisor. By squaring and multiplying 
by q^y we get 2y^ = p^, so that p^ and therefore p is divisible by 2. 
Setting p = 2r, we get q^ = 2r', so that q is divisible by 2. Then 
p and q have a common divisor 2, contrary to hypothesis. 

3. But with the introduction of rational numbers and surds, we 
do not meet all the demands which are made upon a number system. 
We are led in Geometry to. consider the number n which expresses 
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the ratio of the circumference to the diameter of a circle and to 
approximate its value by considering the perimeters p^ and P^ of an 
inscribed and a circumscribed regular hexagon, the perimeters ji^, 
and P„ of an inscribed and a circumscribed regular polygon of II 
sides, etc. From the results, true to four decimal places, for i 
circle of unit diameter: 

i'e ^^ ^ 9 P\% ^^ 3.1058, . . . , j!?,84 = 3.1415, . . . 

P, = 3.4641, P^ = 3.2153, . . . , P^ = 3.1416, . . . 

we obtain a succession of numbers between each pair of which th« 
value of 7t must lie. By proving that 

A < i^l2 < 7^24 < • • • < i?884 < • • • < ^» 
-^6 > ^U ^ ^U > • • • > ^884 > . . . > ?r, 

and that the difference P^ — p^ can be made to differ from zero i 
little as we please by sufficiently increasing the number of sides n, 
we have pointed out to us, with as great a degree of precision as we 
may desire, a certain limit, which we take as the value of 7t, 

In an analogous manner, we can define the number l/2 by meant 
of two sequences of rational numbers, 

1, 1.4, 1.41, 1.414, 1.4142, 1.41421, . . . 

2, 1.5, 1.42, 1.415, 1.4143, 1.41422, . . . 

By the arithmetical process for the extraction of a square root, we 
find that the value of 4^2 lies between each pair of corresponding 
numbers in the sequences. 

In general, two such sequences of rational numbers proceeding 
by a given law are said to define, by a limiting process, a nnmber.* 
The value of the number may be determined to as great a degree of 
approximation as may be desired. All such numbers as well as all 
rational numbers are called real numbers. 

* The above sequences which defined the number it can evidently be 
replaced by sequences of rational numbers related to the pn, and P». 
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4. An even root of a negative number is called an imaginary 
quantity. Thus r — 1, y — 2, v — 1 are imaginaries. Unlike 
surds and other real numbers, an imaginary can not be expressed 
approximately in terms of rational numbers and hence has no inter- 
pretation in strictly arithmetical problems. By the introduction 
of imaginaries, we may give a formal solution of the equations 
a:* = — 1, a:'^ = — 2, and, indeed, of every quadratic equation. 
By extending the system of all real numbers by the introduction of 
the quantity 4/ — 1, we obtain the quantities a -{-h V — \, where 
and b are arbitrary real numbers. We shall see that the system 
of these complex quantities a-\-i V — 1 forms a number system 
within which may be performed all algebraic operations including 
Ithe solution of all algebraic equations, so that a further extension 
is unnecessary. The employment in algebra of imaginaries has 
Iherefore a great practical value in that the operations may be 
effected without the limitations otherwise necessary. To further 
justify this extension, we recall that negative, fractional, and surd 
bumbers were introduced to enable us to give a formal solution of 
pnany simple problems which would otherwise have remained 
insolvable, and that the possibility of the interpretation of nega- 
tive, fractional, or irrational results depends upon the nature of 
the particular problem.* 

5. If a -\- V b ^ c -{- Vdy where a, b, c, d are rational number,^ 
and Vb is irrational^ then a = c, b ^= d. 

From a — c -\' Vb = Vdy we derive, after squaring, 

2(a - c) Vb = d-b-{a- c^. 

Unless the coefficient a — c is zero, we could express 1^^ as a rational 
number, contrary to assumption. Hence « = c, so that } = ^. 

* A possible interpretation of complex quantities is given in the Appendix. 
The instructor may prefer the illustration by means of operations which com- 
bine a rotation with a magn ification. Thus — 1 rotates through 180**, V — 1 
through 90**, 4+3 4/ — 1 magnifies five-fold and rotates. See ChrystaVs 
Algebra, I, p. 239. 
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6. Let US attempt to extract the square root of a -\- Vbj ^hei 
Vh is a trae surd and a is rational. We seek a result of the foi 
V^ -f Vfi in which a and ft are rational. Setting 



Va + Vb z=:Va + Vfi, 

and squaring, we find that 

a + Vb=z a + ft + 2Vaft. 

By the ahove theorem, we may equate the rational parts and 
the irrational (surd) parts. Hence 

a = a-\- ft^ b = 4:aft. 

Then {a - fty = {a + ftf - 4a/? = a« - J, so that 



a = ^{a + Va^ - h), ft = ^{a - Va^ - b). 

By assumption a and ft are rational. Hence the sqimre root 
a + i^is expressible as a sum of two quadratic surds Va -\- 
if, and only if, a^ — b is the square of a rational number. 

For example, if a = 6, d = 20, c? — b is the square of 
Hence a + i/J = 6 + V20 is the square of ^a + Vft= Vb + 

When the problem is solvable, it may usually be done by inspec 
tion as follows. Put the expression a-\- \^b into the form wi + 2 f^ 
by taking m = a, w = J/4. The required root is \^a + ^ft, wheidi 
a + ft = m, aft = n. 

Thus 6 + 1/20 = 6 + 2 i/5 = (1 + Vly, 

since 1 + 5 = 6,1-5 = 5. 

Thus 16 + 6 1/7 = 16 + 2 i/63 = ( i/7 + V9)\ 

since 7+9 = 16,7-9 = 63. 



7. Denote by i the symbol l/— 1. Then + i and — i are the rootB 
of a? = — 1. By the symbol V — c, where c is positive, we shall 
mean V — 1 f/c = i l/c;, where Vc denotes the positive square root 
of c. Thus 

** = - 1, t» = - t, i* = + 1, t'" = ( - 1)», »•»«+' = t( — l)». 
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]f c and d are any two positive real quantities, 

V~^ V~^^ = iVc'iVd = — Vc Vd — -- Vcd. 
In introducing the equation a^= — c as an equation to be solved 
\j algebra, we are tacitly assuming that x may be combined with itself 
kud with real numbers according to the laws of algebra for the com- 
ftnation of real numbers, so that dV — c=i/ — cd, ii+V— c = 
V — c-{- d, etc. In addition to these assumptions, we assume that 
K)mplex quantities may be combined according to the laws holding 
br real numbers. Then 

{a + bi) ± (a + ^i) = (a ± «) + (^ ± P)h 
{a + M) (a + fit) = {aa - hft) + {afi - ba)i, 
a + /3i _ (a +/3{){a - bi) _ aa + hfi aft -ha . 
a+ bi~ (a + bi){a - bi) ~ a^ + b'^ '*" a' + H^ *' 
Hence the sum, difference, product^ or quotient of any two complex 
quantities is itself a complex qtiantity,* 

In freeing the denominator of the above fraction from imagi- 
daries, we used the multiplier a — bi, called the conjugate of the 
lenominator a -j- bi. The sum and the product of two conjugate 
bomplex quantities are both real. 

8. The three cube roots of unity are 

1, a, = ~i + ^l/"33, G^=-^-.^i/^:r3, 

W that G7» = 1, 1 + G7 + (w2 = 0. 

The roots of a:^ = 1 are ic = 1 and the two roots of 

- — I = a^ + x + l=0. 
X -— 1 

Completing the square in the quadratic equation, we get 

a^ + x+\ = ix + iy=:-l 

Hence x=-'i±V — i. Setting - ^ + ^ i/ — 3 = (w, the 
second root is 

- i - i V^^s = ( - 1 + 1 i/'ir3)2 = ^. 

9. In an equation between two complex quantities, the real parts 
ore equal and also the imaginary parts, 

^ The complex quantity a -{- bi is real if 6 = 0. 
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Let a + ** = ^ + A> where a, J, a, ft are real nnmbers. Then 

a — a = (/J — J)t. 
Upon squaring, we find that the number {a — a)^ which is positive 
or zero, must equal the number — (/? — J)^, which is negative or 
zero, so that each must be zero. Hence a = a^ b = /3. 

In particular, if a + bi = 0, then a = 0, b = 0. 

10. The sqtiare root of any complex quantity may always be ex- 
pressed as a complex quantity.* 

Let the given complex quantity be a -|- ^9 where a and b are 
real and i = i/ — 1. We seek real numbers x and y which will 
make 



Va + bi = a; -f- y*« 
Squaring, a'\-bi = a^ — y^-\- 2xyi. 

Equating the real parts and also the imaginary parts, 

x^ — y^ = a, 2xy = b. 
Then {x^ - ff + ^a^y^ = {x^ + y^Y = a^ + V*. 

Since x and y are to be real, at? -{-y^ must be positive. Hence 

a^ -f- y2 = |/a2 _j_ j8 (positive square root). 

Having the sum and difference of x^ and y^, we derive 

i/i?+T2 + a 4/^2 + ^2 - a 

'^ = 2 ' y= 2 • 



Since Va^ + J^ is positive and greater than a, the expressions for ai* 
and y^ are positive, so that real values of x and y may be determined 
by extracting the square roots of positive quantities. Since 2xy = i, 
the sign of y is determined as soon as the sign of x is chosen. 
Hence there are always two and only two square roots of a + bi. 
For example, to find the square roots of 5 — 12i, we have 

ar« - y2 = 5, 2xy- - 12, 
whence ar^ + y' = 13, a? = 9, y^ = 4. The square roots are 
± (3 - 2t). 

* Contrast with the theorem of § 6. The extraction of higher roots of ! 
complex quantities is done very simply in terms of trigonometric ratios [see 
Appendix]. 
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The inspection method of § 6 may be extended to find the 
square roots of certain complex numbers a -\- b V — 1. Thus for 

-3 + 4 V'^^, set 



V-S + 2V-'^=Vx+V-y {xa.ndy positive). 

.-. —3 + 2 4/"^^ = x^y + 2V-xy. 

x-y^-Z, xy = 4: (by §9). 

Hence a; = 1, y = 4, so that one square root of — 3 + 4 V— 1 is 

l_j.3 4/~Zri. 

EXERCISES. 
Express with rational denominators 

2-^3 i^5 + 3 4/^+^6 

2 + V3 V5 - 2 1 - V'lS 



^ V3 + 4/ 5 + |/10 1-f 4^ « 34-4^' 



4/3 - 4^5 + 4/10' ' 4^ - 4/3 H- 4^5 * * 2 + t/ - 1" 

• 2 - 3 4/^^!' * a - 6 4^^^ * 

9. Approximately, 4/2 = 1.4142, 4/3 = 1.7320; find -^ ^ ^ "^ *^^ 



/— > 



4/2-4^3 1-4^ 

I 10. Simplify 4/45 + 4^20 + 3 4/5, 7 4/24 - 2 4/i. 4/I5 ^ 4^25. 

I 11. Simplify 7 i/~=^ - 2 4/^^27, y'"^^ X V~^^, 4/"^=^^ 4/"3l6 
Express in terms of surds the square root of 

12. 12-6 |/3. 13. 28 - ^m. 14. 16 - 8 4^. 

16. 29 + 6 |/22. 16. 75 + 12 4^21. 17. 47-4 4^. 

18. a + J + ^2ab + b". 19. 1 +0" -f ^1 + «^ -f a*. 

Express in the form a + 6 4/ — 1, a and 6 real, the square root of 

20. -11 + 60 V~^^' 21, - 47 -f 4/~^^92. 

22. -20+48 ^^=T. 28. - 7 + 24 4^ -"l. 

24. (.2 _ cf 2 - 2 V - c2<?«. 26. 4c(? + 2(c2 - cf ») |/"31. 

26. Prove, as in § 2, that 4^7 and V 4 are not expressible as rational 
numbers. 

27. Prove that 1 -| \^2 is not a surd by showing that an equation - 
I (1 + 4/2)" — r — a rational number 

would require (1 — 4/2)" = r, whereas the two equations are contradictory 
: since 1 + i/2 > 1 - 4^2. 
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CHAPTER 11. , 

EXPONENTS; LOGARITHMS. ^ 

11. If m is a positive integer^ a*" denotes the product of m 
factors each of which is a. Similarly, if 71 is a positive integer;^ 
a* = a . a ... a, to n factors. Hence a* . a" = a . a . . . a to w + » 
factors = «*"•■". We may therefore state, for the case of positive 
integral indices m, n, 

The First Law of Indices. The index of the product of two 
powers of the same quantity isjihe sum of the indices of the factors : 

(1) a"'.a'» = a"' + \ 
As a corollary, we derive the formula 

d^.a"" .c^ €fi= a'^-^^+p-^'"-^^. 

18. For the division of two positive integral powers of a, a ^^ 0, 

a^ __a. a, a. . . a (to w factors) 
a* "" a . a . a . . . a (to w factors) 

= a.a», . a (torn — w factors) 
if m > n. We may state, for m and w positive integers, m > n. 

The Second Law of Indices. ITie index of the quotient of two 
powers of the same quantity is the excess of the index of the numer- 
ator over the index of the denominator : 

(2) . a'^/a'' = ar"' {a ^ 0, m>n). 
13. If m and n are positive integers, we have, by definition, 

(a**)" = a*" .(?•*... a** (ton factors) 

_^m + m + ... + m _ ^m« (by § H). 

Hence, for positive integral indices, we may state 

10 
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The Third Law of Indices. The index of the nth power of a** is 
\e product of the indices m and n : 

14. We next extend the use of the symbol a** to cases in which 
I is negative or fractional^ assuming that such new symbols a" will 
fttisfy certain cases of the above first law of indices, and proceed 
D determine what meaning, if any^ may be attached to the gen- 
ralized symbols. It is later shown (§ 16) that the symbols, with 
he meanings thus obtained, satisfy the three laws of indices for m 
Aid 71 any rational numbers. For this reason the interpretations 
i the symbols are justified and the desired permanence of the 
ilgebraic laws is attained. 

Consider the symbol a«, where q is any positive integer. Since 
ihe symbol shall satisfy the first law of indices, 

a^ . a^ . a« . . . (to q factors) = ^T+T^T-^- ••<**»«*•"»> =:a^=za. 
Bence a « must be such that its qth power is a, that is,* 



1^ 



9j 



= ^. 



Similarly, the symbol a'"''', where p and q are positive integers, 
must be such tbat 



^  ^ f ...(togtomu) 



rt'/ . a** . . . (to g factors) = «« ■*" « 
80 that a'*^^ must be a ^'th root of a'*. Hence 

I 
Since the symbol a~9 obeys the first law of indices, we find that 

at . a'i. .. (to p factors) = a « = yva J . 



* The radical sign is used to denote a particular root. Thus 
|/4 = + 2, - 4/4 = - 2; hence 4* = -f 2. 
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Hence the two resulting values for oP^« must be equal, 

^' = ( Kr, 

a true theorem on radicals. Thus r^^ = ( i^8 ) =4. 
Consider the symbol a®. By the first law of indices, 



a^.ar = a^^'' = ar. 



«-*• 



so that (fi = aV«" = 1. 

Hence, if a be any number different from zerp, a^ = 1. 

Consider the symbol a~^, where r is a positive integer or frao' 
tion, and assume that it may be combined with the symbols alreadj 
defined in such a way that the first law of indices holds. Then 

«-'-.«'• = a'-'- = a® =1, 

1 

or' 

Hence a"*" denotes the reciprocal of d". 

As examples, 9* = ^9^ = Vz^ = 33 = 27, 

4~* = 1 -^ 4'-^ = 1 -^ V^= 1/8, 

( - 27)" * = 1 ^ ( - 27)* = 1 -T- ( V'"=^/ = 1-^ (- 3)2= 1/9, 
16. We have been led to the following definitions: 

(Def.) af= '^, aO=l, a "''/« = 1 -r- a^^/^ 

so that we have a definition for a* for every rational number ». 
In order that these generalized symbols a*, a"* shall prove to have 
practical value, it is essential that they shall obey the three formal 
laws of indices which have been proved to hold for positive integral 
exponents (§§ 11, 12, 13). In proving that this is the case, we 
make use of certain properties of radicals, namely : 

(A) IT= Yt', 

(B) Vt- \'T = VT^l, 

-, ^ . */ — k I- k/ — — 

(C) vt -^ \'i = VUl. 
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I. To prove that a'^a^ = a** + " when m and n are rational 

n/umiers. 

(1) Let m and n each be a positive fraction, including the case 
in which the denominator is unity. Then 

a^a^ = V^\^^'' (Def.) 

= V^1^ (by A) 

= "^aP'-a^ (by B) 

= Vc^^^^^ (t>y first law, § 11) 

= a^V- (Def.) 

(2) Let w be a positive fraction - and n a negative fraction 

— — , and let - > -. Then ps — rq is positive. 
s 9 ^ 

p r __ 

a«"a""^ = ^aP -f- i/a*" (Def.) 

= «f ^ ^ ^^ (by A) 

= 'v^^^"Ta^ (by C) 

= *|^a*»-«« (by second law, § 12) 

= a"^^ (Def.) 

so that «"•«" = a"* + ** in this case. 

(3) Let m = =^, w = - -, with - < ^- By case (2) 



r_ _p^ _!!_£. 

a»a « = «• « 



(since - > — 1. 
\ s a/ 



9 
Taking the reciprocal of each member, we have by (Def.), 

a »a^=^ a ^* «^ = a • «. 
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P T p T 

(4) Let m = — — , n = , where — , - are positive fractioi 

^ ' q 8 q 8 ^ 

Taking the reoiprocal of the two equal expressions in case (1) 

applying the definition of a negative exponent, we get 

a «a • = a Va "^ •/ =:a « •. 

(5) Let finally m be rational and n be zero. By (Def.) 

IL To prove that a"* -4- a* = a"* " * wAan w anrf n are rational 

a"* -^ a* = a"* . — = o"* . a-* (Def.) 

since m and (— n) are rational nnmbers, so that Theorem I applies. 

III. To prove that (tf*)* = a*** when m and n are rational. 

(1) Let m be a positive fraction and n a positive integer. Then 

va"^/ = Yd^'Ya^ . . . (to n factors) (Def.) 
= ya^'Op ... (to w factors) (by B) 

= ycT^ (§ 11, corollary) 

= a^" (Def.) 

(2) Let m and n be positive fractions. Then 

(afK = r (at)'' (Def.) 



•' pr 




= r «« [by case (1)] 



pr 



= a«» (Def.) 

(3) Let m be a positive and n a negative number, integral or 
fractional. Then, using the definition of a negative exponent twice, 

(4) Let m be negative and n positive. Then 



^"^ '^^^~\a'^) "■ (a'^W 
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since [ — 1 = — - is true for positive integral n by inspection, and 
also for n a positive fraction in view of 



r 



Next, (a^Y = a**", for /i and n positive, by case (2). Hence 



(a-^Y = — = a 



— fin 



(5) Let, finally, m and n be both negative. Then 

. =a'*^ (Def.). 

The laws of indices therefore hold when the exponents m and n are 
any rational numbers. As an exercise, the student may prove that, 
for any rational number n, 

By way of illustration of the laws of indices, we note that 
a*-a " * = a* "" * = a^, a's- a "" * = a**, 

a* a ■" * a* = a* "" * " * = a® = 1. 

EXERCISES. 
Find the numerical value of 

1. 8*. 2. 16"'. 8. 9~*. 4- (g) 6. 25"*. 6. 100~ *. 

Express with positive indices 
7. Za-y 8. 2^«-*. 9. 5^3«-*. 

10. 2H-4/jr^ 11. i/^vT^. 
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Express by radical signs with positive indices i 

12. a*. 18. J. 14. al 15. a"* 



16. a 



*a' 17. — j-. 18. I^a '^^a 1». —p. 

a iB 



8a 8a 



-I 



ft ' 5a* 



20. -TT- 21 

Simplify 
as. a*a-»(a»)-*(«-')"*. 

«4. («*f^)-'-i-V'6-*V'«^- 



28. 
25. 


a* 
a 




a* 




«*J* 


"ft-*- 



-l\n+l 



26.2.(2 ) -s-2 2 27.(2^ -i-(2 ) 

28. Multiply a?"*+y"*byaj"'-y'~^ 

m _m 

29. Multiply a- 4-a' + 1 by a""* + a'^^H- 1. 

80. Divide 82a;-*+ 12«~* + 10a;"' - 12 by 2aj-» - 1. 

81. Factor J - b\ x^ - y*, a?~ ' - 27y" '. 

82. Find the square root of a — 6a" + 5a + 12a** + 4. 
88. Find the square root of 4a — 4a +a +2a -fa— 4a . 

84. Solve a; -«*- 30 = 0; «*-3a;^ + 2 = 0. 

85. Solves* = 80?" * 4- 2; aj~*-}- 16 = 8aj"''. 

16. What meaning, if any, may be attached to the new symbol 
3*^* , in which the index i/2 is not rational ? Since 4/2 can not be 
expressed as a fraction (Chapter I), the symbol 3^'^ is of a character 
not previously considered. But 4/2 may be approximated by a deci- 
mal fraction to any desired degree of approximation. For example, 
|/2 lies between 1.414 and 1.415; it lies between 1,41421 and 
1.41422; etc. We have obtained a definite meaning for the expres- 
sions 3Tinnr and 3 TTirir. it is natural to say that the value of 
3*^* lies between the values of these two expressions. As a closer 
approximation, the value attached to 3*^^ lies between 

141 421 , 141422 

3T7n7T7Tnr and 3Tinnnnr. 



8bc. 17] COLLEGE ALGEBRA, 1 7 

Continuing the process of approximation, we obtain two fractions 

— and — ^^^, which differ by an amount - which can be made as 
n n n 

small as we please, and such that ^ lies between the two fractions. 
By this limiting process, there is pointed out, with as great a 
degree of precision as we may desire, a so-called limit, which we 
define to be the value of 3^^. Similar definitions apply to the 

symbols 2*^* , o*^» and, generally, to a" where n is any real number. 
A series for aJ^ in ascending powers of n will be given in Chapter 
XVI; so that a more practical method is derived for the calculation 
of a". 

If decimals correct to five places be used for 3 ^ and 3 ^, the 
product of the decimals will equal 3 ^' + ^' to an approximation 
correct to five places.* It follows that in numerical work we may 
employ the laws of indices when dealing with symbols like 3*^" by 
means of their approximate values. We make the assumption that 
the laws hold for the symbols 3^^ , . . . , themselves. 

L0OABITHH8. 

17. By the first two laws of indices, two powers a"* and a" of the 
same quantity a may be multiplied or divided by merely adding or 
subtracting the indices m, n. Now addition and subtraction are 
simpler operations to perform numerically than multiplication and 
division. It would thus appear desirable to be able to express all real 
numbers as powers of a single number a, called the base. Only 
positive numbers will be employed as bases. 

For example, taking a = 2, we have 

4 = 2*^ 8 = 23, 1 = 2^ \ = 2-S I = 2-8, 4/2 = 2^ 4/8 = 2*. 

*In employing only five decimals, the fifth place in the product may vary 
by unity from the correct result for the fifth place in the most unfavorable 
eases. Thus, if only five places be retained in .972385, the square would be 
incorrect by more than .000009, which would be replaced by .00001 when only 
five places are retained. 
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But we do not find by inspection the power of 2 which will give 
certain numbers^ for example, 3. By trial, we find that 

2 < 2* < 2H < 3 < 2M < 2^ < 22. 

Now 2^ = 2.996 to three decimal places. The required exponent 
is slightly greater than ff , but is less than f |. Just as the symbol 
Yz was introduced to denote the real positive root of the equation 
:if* = 3, so now we employ the symbol log, 3, read logarithm 3 base 
2, to denote the exponent x which makes V = 3. 

Definition. — The exponent of the potoer of the hose a which gives 
rise to a number N is called the logarithm of N to the base a; 
symbolically, 

(4) N=a^'^a^. 

Thus, for a = 2, the above relations give 

2 = log, 4, 3 = log, 8, O = log,l, -l = log,i, -3=log,i, 

J = log,i/2, f = log,i/8, ff<log,3<M. 
Similarly, 1000 = 10* gives 3 = log^^ 1000; 
.01 = 10-* gives — 2 = logio .01. 

18. For JV = a, equation (4) gives log^a = 1. Also of* = 1 
gives loga 1 = 0. Hence, whatever the bctse may be, the logarithm 
of 1 is zero and the logarithm of the base is unity. 

Since logarithms are exponents, the three laws of indices (ex- 
ponents) give rise to three corresponding properties of logarithms. 

I. The logarithm of a product eqiuils the sum of the logarithms 
of its fcuitors. 

Let the factors be N and M. By the definition (4) we have 

(5) iV^=a^^.^ Jf=a***-*. 

Hence, by the first law of indices, and the definition (4), 

a **»««^+ ^*«a^ = NM = a ^"^a^. 

. \ logaNM = loga-^ + logaJf. 

II. The logarithm of a quotient equals the logarithm of the 
dividend minus the logarithm of the divisor. 
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Let the dividend be N and the diyisor M. Applying the second 
law of indices to the identities (5), we get 

iV 



M 



^ ^log^N - log^M^ 



N 



By the definition (4) applied to the number -^, we get 

N 



= a*^«*. 



M 

N 

III. The logarithm of the pth power of a number equals p times 
tJ^ logarithm of the number. 

Let N be the number. Raising the two members of (4) to the 
power p and applying the third law of indices, we get 

But, by definition (4) applied to the number iV^, 

.-. logaN''=plogaN. 

19. Compare the logarithms to the base 2 which are given in 
§ 17 with the logarithms of the same numbers to the base 8 : 
-|=log84, l=log88, O = logsl, -i = log8|, -l=logg|,... 
We observe, for each number iV", that logg iV = ^ logj N. But 
^ = logg 2. Hence there is a constant multiplier logg 2 in passing 
from logarithms to the base 2 to logarithms to the base 8. 

The student may readily verify the results in the table 



Number N 


LoK,o^ 


Logic. ^ 


Lo«,oi^ 


10,000 


4 


2 


12 


1,000 


3 


8/2 





100 


2 


1 


6 


10 


1 


1/2 


8 


1 











0.1 


-1 


-1/2 


-8 


0.01 


- 2 


- 1 


-6 


0.001 


-3 


-3/2 


-9 
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For the numbers N oi the table, logioo-A^= i \ogi^N\ the multiplier 
which converts logarithms to the base 10 into logarithms to the 
base 100 is ^ = logioo 10. Similarly, a logarithm to the base 10 
must be multiplied by 3 = logio* 10 to give the logarithm of the 

same number to the base 10*. 

In general, suppose that the first base is a and that the second 
base is h. By the definition (4), 

Applying the third law of indices, we get 

log6JV^=logaJV^.log6a. 

To pass from a table of logarithms to the base 2k to a table of 
logarithms to the base b, we employ the constant multiplier log^a, the 
logarithm of the old base with respect to the new base, 

EXERCISES. 

1. Find logs 32, log* 82, log* 2 4/8, log* ^64, logs 5 i/S. 

2. lege h . logb N = logo a . logo N. 

3. logoiV^logaif = lOgfriVH-log^Jf. 

4. Express logio t» logio 60, logio450 in terms of logio 2 and logio 3. 
6. Solve 52* - 5* + 1 -h 6 = in terms of logw 2 and logio 3. 

6. Simplify log ( V^ f^lSS h- ^1728 l/56). 

20. Logarithms to the base 10 are known as Common Log^ 
rithms'*' and are used in numerical calculations. The chief advan- 
tage of the base 10 lies in the fact that from a known logarithm 
of a number N may be derived by inspection the logarithms of all 
numbers differing from iV^only in the position of the decimal point 
Thus, if we know that log^o 2.23 = .3483, then logjo 22.3 = logiolO 
+ logio 2.23 = 1.3483, and logio 3230 = 3.3483. . The decimal 
part .3483 common to the three logarithms is called the mantissa. 
The integral part of a logarithm is called the characteristic; it 

♦Introduced in 1615 by Briggs (1556-1630), a contemporary of Napier 
(1550-1617), the inventor of logarithms. For a history of logarithms see the 
article by Glaisher on TjogaHthms in the EncyclopeBdia Britannica. 
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depends upon the position of the decimal point in the given number. 
Thus logio 2.23, logio 22.3, logio 2230 have respectively the charac- 
teristics 0, 1, 3. 

21. That a shifting of the decimal point in any number JVdoes 
not alter the mantissa of logio ^ follows from the fact that the 
shifting of the decimal point p places to the right multiplies N by 
10**, the shifting q places to the left divides Nhj 10«. But 

logio (^X 10^) = logio N + p logi 10 = /? + logio N, 
logio (^^-^ lO'^) = logio N-q logio 10 = - 5' + logio N. 
In determining the mantissa we may therefore disregard the decimal 
point in the number. Thus, for the number 22.3, we use the 
sequence of digits 223 in looking for the mantissa in the Table of 
Logarithms given below. In taking the mantissa from the Table, 
the decimal point is to be placed before the digits found. Hence 
for logio ^^-^ the mantissa is .3483; by inspection, 22.3 lies between 
10^ and 10^ so that the characteristic is 1. Hence logio22.3 = 1.3483. 

22. We may determine the characteristic of the logarithm of 
any number N by inspection. The place immediately to the left of 
the decimal point is known as the units place. If there be digits to 
the left of units place, let their number be p. Then N=Mx 10^, 
where Jf is a number whose first digit is in units place, so that M 
lies between 10 and 1 = 10^ The characteristic of logio Jlf is evi- 
dently zero and therefore that of logio ^ is p. But if the first signif- 
icant digit in N is in the nth place to the right of units place, then 
N= M-T- 10", i¥ being defined as before. Thus, if N = 0.0024, 
n=3 and Jf=2.4. Then the characteristic of logi^Nis — n, 
We may combine the results to give the theorem : 

The characteristic of the logarithm of a number is + n if the 

first significant digit lies n places to the left of units place, but is 

— nif the first significant digit lies n places to the right of units 

place. 

Example. Find the logarithms base 10 of 2400, .24, and .0024. 
From the Table, we get log 2.4 = .3802. Hence 

log 2400 = 3. 3802, log 0. 24 = T. 3802, log 0. 0024 = 3. 3802. 
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As in this example, the negatiye sign belonging to the charac- 
teristic is written above the latter. Otherwise, — 1.3802 would be 
taken to mean that both 1 and the decimal .3802 were negative, 
whereas the mantissa is understood to be always positive. Hence 
1.3802 denotes — 1 + 0.3802. K we desired to find log 4/^24, we 
should divide log .24 =1.3802 by 2. To do this, we write 

1(1.3802) = i( - 2 + 1.3802) = - 1 + .6901 = 1.6901. 

23. There follows on pages 24, 25 a table of Logarithms to the base 
10 correct to four decimal places. For its origin see Chapter XYI. 

24. To find by the Table the logarithm of a given number* 
Suppose the given number to consist of three digits, as 2.23. The 

first two digits 22 are to be found in the left-hand column headed N. 
On a line with these and in the column headed by the third digit 3, 
we find 3483. With the decimal point prefixed, the result .3483 is 
the mantissa of log 2.23. Since there are no places to the left of 
units place, we get 

log 2.23 = 0.3483. 

Similarly, log 7 = log 7.0 = 0.8451. 

If the given number consists of four or more digits, as 2.2325, 
we determine the logarithms of the numbers of three digits which 
are respectively less than and greater than the given number. Thus 

log 2.2300 = 0.3483 
log 2.2400 = 0.3502 
The logarithm of 2.2325 lies between these two logarithms, whose 
difference is .0019. But 2.2325 exceeds the smaller number 2.2300 
by -^ of the difference of the two numbers. Hence log 2.2325 
must exceed log 2.2300 by approximately ^^ of .0019, so that 
log 2.2325 = 0.3483 + .0005 = 0.3488.t 

* Henceforth the base is supposed to be 10. 

t The value .0005 is used for .000475, since the former is the decimal of four 
places nearest to the latter. It would be deceptive to retain more than four 
places, since the results from the Table are only true to four places, and the 
retention of six places would indicate our belief in the accuracy of the fifth 
and sixth places. 
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In Chapter XYI, we establish the principle here inyolYed, 
namely, for a relatively small increase in a number^ itf logarithm 
increases proportionally. For example, from the Table: 

log 9.34 = .9703, log 9.35 = .9708, log 9.36 = .9713, 
log 9.37 = .9717, log 9.38 = .9722, log 9.39 = .9727, 

the difference between adjacent logarithms being 5 in four cases 
and 4 in one case. The difference 1 in the numbers 934, 935 , . . . , 
939 is relatively small. On the contrary, the principle is not 
valid if applied to the numbers 100, 200, 300, whose differences are 
not relatively small. Thus, from the Table, 

log 100 = 2.0000, log 200 = 2.3010, log 300 = 2.4771. 

25. To find by the Table the number corresponding to a given 
logarithm. 

Let the given logarithm be 3. 9779 and the corresponding number 
be iV. Since the mantissa .9779 does not occur in the Table, we 
take those numbers in the body of the Table, viz., 9777 and 9782, 
which are just larger and just smaller than 9779, respectively. Then 

log 9500 = 3.9777 1 } .0002 = difference 
log J^ = 3.9779 1^ ^ .0005 = difference 
log 9510 = 3.9782 

Hence the difference between 9500 and N must equal f of 10, the 
difference between 9500 and 9510. Hence N = 9500 + 4 = 9504. 
If the given logarithm is 3.1795, the work is as follows: 

log .00151 = 3.1790 1 I .0005 = difference 
log N = 3.1795 I ' .0028 = difference 
log .00152 = 3.1818 J 

Hence the difference between .00151 and iVmust equal ^ of .00001, 
the difference between .00151 and .00152. Hence N= .00151 
+ .000002 = .001512 to four significant places. For ^ x .00001 
= .00000178 +, we take .000002 as the additive part to obtain iV, 
being a decimal all of whose figures are reliable. Had we used a six- 



24 



EXPONENTS; LOGARITHMS. 



TABLE OP FOUR-PLACE LOGARITHMS. 



[Ch.II 



N 


O 


1 


2 


3 


4 


5 


6 


7 


8 


9 





0000 


0000 


3010 


4771 


6021 


6990 


7782 


8451 


9031 


9542 


1 


0000 


0414 


0792 


1139 


1461 


1761 


2041 


2304 


2553 


2788 


2 


3010 


3222 


3424 


3617 


3802 


3979 


4150 


4314 


4472 


4624 


8 


4771 


4914 


5051 


5185 


5315 


5441 


5563 


5682 


5798 


5911 


4 


6021 


6128 


6232 


6335 


6435 


6532 


6628 


6721 


6812 


6902 


5 


6990 


7076 


7160 


7243 


7324 


7404 


7482 


7559 


7634 


7709 


6 


7782 


7853 


7924 


7993 


8062 


8129 


8195 


8261 


8325 


8388 


7 


8461 


8513 


8573 


8633 


8692 


8751 


8808 


8865 


8921 


8976 


8 


9031 


9085 


9138 


9191 


9243 


9294 


9345 


9395 


9445 


9494 


9 


9542 


9590 


9638 


9685 


9731 


9777 


9823 


9868 


9912 


9956 


10 


0000 


0043 


0086 


0128 


0170 


0212 


0253 


0294 


0334 


0374 


11 


0414 


0453 


0492 


0531 


0569 


0607 


0645 


0682 


0719 


0755 


12 


0792 


0828 


0864 


0899 


0934 


0969 


1004 


1038 


1072 


1106 


13 


1139 


1173 


1206 


1239 


1271 


1303 


1335 


1367 


1399 


1430 


X4 


1461 


1492 


1523 


1553 


1584 


1614 


1644 


1673 


1703 


1732 


15 


1761 


1790 


1818 


1847 


1875 


1903 


1931 


1959 


1987 


2014 


16 


2041 


2068 


2095 


2122 


2148 


2175 


2201 


2227 


2253 


2279 


17 


2304 


2330 


2355 


2380 


2405 


2430 


2455 


2480 


2504 


2529 


18 


2553 


2577 


2601 


2625 


2648 


2672 


2695 


2718 


2742 


2765 


19 


2788 


2810 


2833 


2856 


2878 


2900 


2923 


2945 


2967 


2989 


20 


3010 


3032 


3054 


3075 


3096 


3118 


3139 


3160 


3181 


3201 


21 


3222 


3243 


3263 


3284 


3304 


3324 


3345 


3365 


3385 


3404 


22 


3424 


3444 


3464 


3483 


3502 


3522 


3541 


3560 


3579 


3598 


23 


3617 


3636 


3655 


3674 


3692 


3711 


3729 


3747 


3766 


3784 


24 


3802 


3820 


3838 


3856 


3874 


3892 


3909 


3927 


3945 


3962 


25 


3979 


3997 


4014 


4031 


4048 


4065 


4082 


4099 


4116 


4138 


26 


4150 


4166 


4183 


4200 


4216 


4232 


4249 


4265 


4281 


4298 


27 


4314 


4330 


4346 


4362 


4378 


4393 


4409 


4425 


4440 


4456 


28 


4472 


4487 


4502 


4518 


4533 


4548 


4564 


4579 


4594 


4609 


29 


4624 


4639 


4654 


4669 


4683 


4698 


4713 


4728 


4742 


4757 


30 


4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 


31 


4914 


4928 


4942 


4955 


4969 


4983 


4997 


5011 


5024 


5038 


32 


5051 


5065 


5079 


5092 


5105 


5119 


5132 


5145 


5159 


5172 


33 


5185 


5198 


5211 


5224 


5237 


5250 


5263 


5276 


5289 


5302 


34 


5315 


5328 


5340 


5353 


5366 


5378 


5391 


5403 


5416 


5428 


35 


5441 


5453 


5465 


5478 


5490 


5502 


5514 


5527 


5539 


5551 


36 


5563 


5575 


5587 


5599 


5611 


5623 


5635 


5647 


5658 


5670 


37 


5682 


5694 


5705 


5717 


5729 


5740 


5752 


5763 


5775 


5786 


38 


5798 


5809 


5821 


5832 


5843 


5855 


5866 


5877 


5888 


5899 


39 


5911 


5922 


5933 


5944 


5955 


5966 


5977 


5988 


5999 


6O10 


40 


6021 


6031 


6042 


6053 


6064 


6075 


6085 


6096 


6107 


6117 


41 


6128 


6138 


6149 


6160 


6170 


6180 


6191 


6201 


6212 


6222 


42 


6232 


6243 


6253 


6263 


6274 


6284 


6294 


6304 


6314 


6325 


43 


6335 


6345 


6355 


6365 


6375 


6385 


6395 


6405 


6415 


6425 


44 


6435 


6444 


6454 


6464 


6474 


6484 


6493 


6503 


6513 


6522 


45 


6532 


6542 


6551 


6561 


6571 


6580 


6590 


6599 


6609 


6618 


46 


6628 


6637 


6646 


6656 


6665 


6675 


6684 


6693 


6702 


6712 


47 


6721 


6730 


6739 


6749 


6758 


6767 


6776 


6785 


6794 


6803 


48 


6812 


6821 


6830 


6839 


6848 


6857 


6866 


6875 


6884 


6893 


49 


6902 


6911 


6920 


6928 


6937 

! 


6946 


6955 


6964 


6972 


6981 



J 
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TABLE OF FOUR-PLACE LOGARITHMS. 



N 


O 


1 


2 


3 


4 


s 


6 


7 


8 


9 


50 


6990 


6998 


7097 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


51 


7076 


7084 


7093 


7101 


7110 


7118 


7126 


7135 


7143 


7152 


52 


7160 


7168 


7177 


7185 


7193 


7202 


7210 


7218 


7226 


7235 


53 


7243 


7251 


7259 


7267 


7275 


7284 


7292 


7300 


7308 


7316 


54 


7324 


7332 


7340 


7348 


7356 


7364 


7372 


7380 


7388 


7396 


55 


7404 


7412 


7419 


7427 


7435 


7443 


7451 


7459 


7466 


7474 


56 


7482 


7490 


7497 


7505 


7513 


7520 


7528 


7536 


7543 


7551 


57 


7559 


7566 


7574 


7582 


7589 


7597 


7604 


7612 


7619 


7627 


58 


7634 


7642 


7649 


7657 


7664 


7672 


7679 


7686 


7694 


7701 


59 


7709 


7716 


7723 


7731 


7738 


7745 


7752 


7760 


7767 


7774 


60 


7782 


7789 


7796 


7803 


7810 


7818 


7825 


7832 


7839 


7846 


61 


7858 


7860 


7868 


7875 


7882 


7889 


7896 


7903 


7910 


7917 


62 


7924 


7931 


7938 


7945 


7952 


7959 


7966 


7973 


7980 


7987 


63 


7993 


8000 


8007 


8014 


8021 


8028 


8035 


8041 


8048 


8055 


64 


8062 


8069 


8075 


8082 


8089 


8096 


8102 


8109 


8116 


8122 


65 


8129 


8136 


8142 


8149 


8156 


8162 


8169 


8176 


8182 


8189 


66 


8195 


8202 


8209 


8215 


8222 


8228 


8235 


8241 


8248 


8254 


67 


8261 


8267 


8274 


8280 


8287 


8293 


8299 


8306 


8312 


8319 


68 


8325 


8331 


8338 


8344 


8351 


8357 


8363 


8370 


8376 


8382 


69 


8388 


8395 


8401 


8407 


8414 


8420 


8426 


8432 


8439 


8445 


70 


8451 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8506 


71 


8513 


8519 


8525 


8531 


8537 


8543 


8549 


8555 


8561 


8567 


72 


8573 


8579 


8585 


8591 


8597 


8603 


8609 


8615 


8621 


8627 


73 


8633 


8639 


8645 


8651 


8657 


8663 


8669 


8675 


8681 


8686 


74 


8692 


8698 


8704 


8710 


8716 


8722 


8727 


8733 


8739 


8745 


75 


8751 


8756 


8762 


8768 


8774 


8779 


8785 


8791 


8797 


8802 


76 


8808 


8814 


8820 


8825 


8831 


8837 


8842 


8848 


8854 


8859 


77 


8865 


8871 


8876 


8882 


8887 


8893 


8899 


8904 


8910 


8915 


78 


8921 


8927 


8932 


8938 


8943 


8949 


8954 


8960 


8965 


8971 


79 


8976 


8982 


8987 


8993 


8998 


9004 


9009 


9015 


9020 


9025 


, 80 


9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


81 


9085 


9090 


9096 


9101 


9106 


9112 


9117 


9122 


9128 


9133 


82 


9138 


9143 


9149 


9154 


9159 


9165 


9170 


9175 


9180 


9186 


83 


9191 


9196 


9201 


9206 


9212 


9217 


9222 


9227 


9232 


9238 


84 


9243 


9248 


9253 


9258 


9263 


9269 


9274 


9279 


9284 


9289 


85 


9294 


9299 


9304 


9309 


9315 


9320 


9325 


9330 


9335 


9340 


86 


9345 


9350 


9355 


9360 


9365 


9370 


9375 


9380 


9385 


9390 


87 


9395 


9400 


9405 


9410 


9415 


9420 


9425 


9430 


9435 


9440 


88 


9445 


9450 


9455 


9460 


9465 


9469 


9474 


9479 


9484 


9489 


89 


9494 


9499 


9504 


9509 


9513 


9518 


9523 


9528 


9533 


9538 


90 


9542 


9547 


9552 


9557 


9562 


9566 


9571 


9576 


9581 


9586 


91 


9590 


9595 


9600 


9605 


9609 


9614 


9619 


9624 


9628 


9633 


92 


9638 


9643 


9647 


9652 


9657 


9661 


9666 


9671 


9675 


9680 


93 


9685 


9689 


9694 


9699 


9703 


9708 


9713 


9717 


9722 


9727 


94 


9731 


9736 


9741 


9745 


9750 


9754 


9759 


9763 


9768 


9773 


95 


9777 


9782 


9786 


9791 


9795 


9800 


9805 


9809 


0814 


9818 


96 


9823 


9827 


9832 


9836 


9841 


9845 


9850 


9854 


9859 


9863 


97 


9868 


9872 


9877 


9881 


9886 


9890 


9894 


9899 


9903 


9908 


98 


9912 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9948 


9952 


99 


9956 


9961 


9965 


9969 


9974 


9978 


9983 


9987 


9991 


9996 
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place table of logarithms^ the additive part would have been retained 
in the form .00000178. 

26. An equation in which the unknown quantity appears in an 
exponent is called an exponential equation. Such equations may 
usually be solved with the aid of logarithms. 

Example. Find the value of « in 8*" "^ * = 2** "" *. 
Taking the logarithm of each member of the equation, we get 
(2 a? H- 1) log 8 = (5« - 4) log 2. 
.-. a; (2 log 8 - 5 log 2) = - 4 log 2 — log 8. 

.-. X (log &• - log 2") = - log (2* X 8). 
. ^ ^ - log 48 ^ - 16812 ^ 1.6812 ^ ^ ^^^^ 

log 9 - log 82 1.4491 .5509 

to four decimal places. The denominator may be calculated otherwise, since 
it equals 

log ^ = log ?:^ = log (.28125) = 1.4491. 

EXERCISES. 

1. Find the common logarithms of 6752, 5.4821, 0.04682. 

18. What numbers have the logarithms 2.1516, T.2222, 4.8888 ? 

8. Solve Z'~^ = 450, lO'"** = 4'-*^, 2*-^' 8*^"* = 1000. 
Using logarithms, calculate to four significant places: 

. 8124 X .00845 , «a-sh7^ « /«. ^c^^* 

*• .■00069ir87:42- *• ^^^^^ «' (^•^^^>'- 

7. VaKU X V^OOOi X ^128457 8. 2*~. 9. 't^5"x f'Sm; 

Solve by logarithms the simultaneous equations: 

10. 8^ + '''= 10, 5*-* = 125*^-'. 11. 8* + ^ = 6*, 2'' = 9x2*-\ 
12. Find the number of digits in 25^*^, in 2*^. 



CHAPTER m. 

FACTOR THEOREM; QUADRATIC EQUATIONS. 

27. It is observed that 2; — a is a factor of 

jr^ — a^, ic* — dax + %a\ a^ — aa? — x + a^ 

and that each expression vanishes when a is written in place of x. 
In general, if an expression E^g involving x has a factor x — a, and 
if Q^ is the quotient arising from the division of Bg.hj x — a, then 

B^ = (x^a)Q^, 

80 that Bj. vanishes when a is written in place of x. The inverse 
of this theorem is called 

The Pactor Theorem. If an integral expression involving x 
vanishes when a is written in place of x^ it has the factor x — a. 

Divide the given expression E^^hy x — a until a remainder R is 
obtained which does not involve x. If Q^ be the quotient, then 

E^-= {x-a)Q^+R. 
Substituting a for x in this identity, we get 

Ea = Ry 

where E^ is the value of E^ when a is written for a;. By hypothesis, 
Ea vanishes, so that the remainder R is zero. Hence Eg^ is exactly 
divisible by a; — o. 

Incidentally, we have also established 

The Bemalnder Theorem. Upon dividing an integral expression 
E^ by X — a, we obtain as the remainder Eay the value of Egg when 
a is written for x. 

ExAMFLB 1. To verify that a? - a is a factor of a^ — o*, we put a for x in 
the expression and get a^ — a* = 0. 

Example 2. a? — 1 divides a^ - 2aj* 4- 1, since 1-2 + 1=0. 

27 
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28. We next apply the factor theorem to prove that, if 7i be a 
positive whole number, o^ — y" is always divisible by x — y^ but 
that a;* + y" is never divisible by a; — y. Putting y in place of a;, 
the expressions become, respectively, 

yn_yn^ 0, y^' + y" ^ 0. 

To prove that a;" + y" has the factor x-{- y when n is odd, but 
not when n is even, we note that x-^y = x— { — y). Upon 
writing — y in place of a;, af* + y" becomes ( — 1)"^** + y**> which 
vanishes if w is odd, but not if n is even. Similarly, a;** — y^ has 
the factor a: + y if w is even, but not if n is odd. 

In particular, r" — 1 is always divisible by r — 1. We have 

r*- 1 = (r ~l)(r+l), 

r3 - 1 = (r - l)(r2 + r + 1), 

r* - 1 = (r - l)(r3 + r^ + r + 1). 

To establish the general formula 

(1) r" - 1 = (r - l)(r~-^ + r«-» + . . . + r + 1), 
we perform the multiplication on the right and obtain 

(r» + r~-^+... +r^ + r) - (r^-^ + . . . +r + 1) = r« — 1. 

a? 
Substituting — for r in (1) and multiplying by y**, we get 

(2) a;"-y»=(a;-y)(a;'»-^ + a;'»-«y+a;'*-^y2+. . . + a;y"-^+y~ ). 
Replacing y by — y we obtain, if n is odd, 

(3) a;»+y'*= (a;+y)(a;~-^-a;'»-2y+a;**-'y2- . . . — ajy'^-^ + y'*-^). 
Replacing y hy — y in (2), we obtain, if n is even, 

(4) of- y''= (x + y){x''-'- x'^-^y+x''- y^-. . .+ xy^-^-y""-'). 

29. The preceding formulae may be applied to find a factor 
which will rationalize any binomial surd. For example, 



^3 - 1 (>v^3 - OCv^O + ^3 + 1) 3-1 
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If the given surd '\% x — y, where x = \/a and y — j/b, then a;" 
and y^ are rational if ti be a multiple of both p and q. Applying 
formula (2), we see that the rationalizing factor is 

the rational product being a:" — y^. 

If the given surd is ic + y, where a;, ^, n are defined as above, 
then, for n odd, formula (3) gives the rationalizing factor 

af^-i - a;n-2y _p af'-y- ... - a;y~-* + 2/*^-^ 

and the rational product a;" + y"; while for n even, the rational 
product is aJ* — y'* and, by formula (4), the rationalizing factor is 

For example, to rationalize 4/7 + i/5, the rationalizing factor is 
(i^y-Wfy t^+ (/7 )' t^25"- (^f y . 5+4/7 . 5V5"- 5^/25" 
and the rational product is (4/7 )* - (i^Y = 7^ - 5*^ = 318. 



RXERCI8E8. 

Decompose into three or more real factors 

1. ic*-y*. 2. «•-/ 8. aj* + y'. 4. aj*-y*. 

Without actual division show that 

6. 18a;^® + 19x^ +1 is divisible by a? -f 1. 

6. 2a;*~aj'-6a;* + 4a;~8 is divisible by a?*- 4. 

7. a;* - 3a;' -|- 3a?* - 3a; + 2 is divisible by a;' - 3a; + 2. 
Without actual division find the remainder when 

8. a;* - 3a;* + a; - 6 is divided by a; + 3. 

9. ar® -f dxy^ + y* is divided by a; — 2y. 
Express with rational denominator 

iA 1 „ 1 ,„ i + j/i „ 4 ^4/9- 

*"• 3 . 11. 3 . 1«. q . IS. S * 

4^- f/5 V2 + 1 1 - >^/4 1/2 + 4/3" 

14. (a; + y/ — ^ — y^ and (a; + y/ — J — y^ are divisible by a;* + a;y -{- y* 

30. A quadratic equation is an equation which involves the 
square, hut no higher power, of the unknown quantity. When all 
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the terms have been transposed to the left member of the equation^ 
the quadratic equation has the form 

(5) aar^ + Aa;H-c = 0, 

where a, b, c are known constants. If upon substituting for x a 
particular number Xi, the left member of (5) reduces to zero, so that 
the equation is satisfied^ Xi is called a root of the equation. 

A quadratic equation (5) may often be solved by inspection by 
factoring its left member. Thus a;2 + ^ — 1^ = may be written ) 
{x — S){x 4- 4) = 0, so that the roots are + 3 and — 4. 

When the factors are not evident^ we complete the square of the 
terms involving x. For example, 

a:* — 6a; — 91 = 
may be written^ after adding and subtracting 9, 

(a; - 3)2 - 100 = 0, {(a:-3) + 10}{(a;-3)-10} =0. 
Corresponding to the factors a; + 7, a: — 13, we obtain the roots 
-7,13. 

31. To solve the general equation aar* -j- &r + c = 0, where 
a 4z 0, we divide by the coefficient a of a:^ and obtain the equation 

(6) a? + — a; + - = 0. 
Adding and subtracting the square of - — , we get 



(^+A)'-£-f)=«- 



Since any quantity is the square of its square root, the left member 
may be regarded as the difference of two squares. Factorings we 
get 

Each factor furnishes one of the two roots 



(') ' = -r«*'^^^- 
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In particular, we derive the factorization 



The roots of the quadratic equation an? ■^bx-\-c = are 



According as b^ —■ ^ac is positive, negative^ or zero, the roots are real 
and unequal, imaginary and unequal, or real and equal. 
For the last case, P = ^ac, formula (8) becomes 

oar* + Ja; + c = a^a; + — j . 

82. Taking the sum and the product of the roots, we get 

Comparing these results with the quadratic (6), we conclude that, 
in a quadratic equation where the coefficient of a^ is unity ^ the sum 
of the roots equals the negative of the coefficient of x^ the product 
of the roots equals the constant term (the term not involving a). 

For example, in the above quadratic a;^ — 6a: — 91 = 0, having 
the roots — 7 and 13, the sum of the roots equals + 6, the product 
of the roots equals — 91. 

To give a second proof by a method applicable also to equations 
of higher degrees (Chapter XIX), consider the equation * 

{x — a){x - /?) = a;2 - (a + fi)x + a/3 = 0. 

Since x — ct vanishes for x = a, the equation has a root a. Simi- 
larly, it has a root /3. By inspection, the sum of the roots is the 
negative of the coefficient x and their product is the constant term. 

* By using the symbol h , read identically equal, we emphasize the fact 
that we have here two different forms of the left member of the eqiuition, the 
two members of which are connected by the sign =, read eqttal. 
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The quadratic equation whose roots are given may therefore be 
constructed as follows: 

x^ — (sum of roots)./; + (product of roots) = 0. 
Thus, the quadratic equation whose roots are — 2 and 4 is 
a;2 - ( - :2 + 4).c - 8 = a;^ - 2a; -- 8 = 0. 

Example 1. If <t and fi denote the roots of ar* — ^ -j- j — 0, find the 
values of a' -f P'. ^r' + P'> '«'* t P'- 
Since a -\- (5 = p and afi = q, we have 
a2 ^ /5^ = (a + /J)'^ - 2a/3 = i>2 « 2^?, 
o-^ -f /J» = (a -f /^/ - ^ix'-fi - 3ar/J» = i?» - 3gp, 
a* -f /J* = (cr'^ 4- ft? - ^oc'HP = ip" -2# - 2^ = p* - 4p« j + 25*. 
Example 2. Determine the quadratic equation whose roots are the cubes 
of the roots of x^ — pj" -^ q = 0. 

If a and ft are the roots of the latter, we have (Ex. 1) 

a3 -L /js = p» _ 3p5r^ a3/y» = f. 

The quadratic equation with the roots ar^, fi^ is therefore 

f -{p" - ^pq)y + ^ = 0. 
Example 3. Determine the condition upon the coefficients of the equation 
aa? 4- to -|- c = in order that one root may be four times the other. 

h c 

By formulae (10), a-\- fi = » afi = —. Since ft is, by the condition 

imposed, equal to 4a, we must have 

5a = , 4:cx^ = — . 

a a 

Equating the resulting values for nr^, we get the condition 

EXERCISES. 

Form the equations whose roots are 

1. 4, - 5. 2. e-\- d, c — d. 8. 0, 4. 

4. i - ^t. 6. 2 + V3; 2 - i/3: 6. - 3 + j/^ - 3 - fT 

7. V^^, - V"^^ 8. 4 ± ^'^^. 

9. Find the condition that one root of ax^ -^ bx -}- e z= shall be (1) the 
double of the other; (2) the negative of the other. 

10. If a and ft are the roots of a^ —px -{- y = 0, find the equation whose roots 

are (1) —- and — ; (2) c^ft and aft^-, ^3) p and q\ {4) a -\- ft and a* + (P; 
(5) a + j^ and /?4- i; (6) a + /? and i -f 1 
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Factor the expressions and derive the roots of the corresponding 
equations: 

11. a:2 _ 53a. + 150 12. ar* - 35a; - 200. 18. 4^~ 18 + 21x. 

14. «2 ^ c^ax - 62 _ 2ab, 15. aj^ - ^ax + 3a^ 16. a;* - 5a;"^ -f 4. 

17. a^- \-a2 4.1 18. -^ + ^±1-2. 19. a;^ + -^^- 29 

33. Symmetry. An expression is said to be symmetrical with 
respect to two or more letters if they enter the expression in sucli 
a manner that it is unaltered when any two of the letters are inter- 
changed. 

Thns 2a + 2 J and a* + ^ are symmetrical with respect to a and 
& ; a + ^ + ^ a^d ab-{-ac-\- be are symmetrical with respect to a, b, c. 

An expression like aV -\-b(? -{■ cc? possesses only a partial sym- 
metry; it is unaltered when a is replaced by J, b by c, and c by a, 
but is altered if two letters are interchanged. It is said to possess 
cycle-symmetry. 

Example 1 . Factor the cyclo-symmetrical expression 

S^a\h - c) -h 63(c — a) + <^{a - h\ 
"Writing h in place of a, the expression becomes 

ft8(ft - c) -f 68(c - ft) E 0. 

Hence, by the factor theorem, o — ft is a factor of 8. Similarly, ft — c and 
c — a are factors of 5, results following also from the cyclo-symmetry of 8. 
Since 8 is of the fourth degree in the letters a, ft, c, there remains a fourth 
factor la -{- mb -{- nc of the first degree in «, ft, c, so that 

o 
(11) ; JT7T w : = to + l»ft-f nC. 

(a — ftXft — c)(<j — a) 

The numerator and denominator of the fraction both possess cyclo-symmetry 
und therefore also the fraction does. Hence 

la -{- mb -\- ne ~ lb -\- me -\- na. 

From this identity we derive i = w = n. To prove that ^ = — 1, we observe 
that the term — a\b — c) of the denominator of (11) must divide into the term 
a\b — c) of 8 to give the term la of the quotient. Another method is to 
employ particular values, say a = 0, ft = 1, c = 2, when the identity (11) be- 
comes 

-Q/2 = m+2n=dl. 

Hence 8= —{a — ft)(ft — c)(c — a)(a + ft + c). 

Example 2. Factor the cyclo-symmetrical expression 

E~(a- bf + (ft - cf + (c - af. 
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As in Example 1, we see that E is divisible by the product 

Pli(a- bth - c){c - a). 

Since E and P possess cyclo-symmetry, the quotient E/P is a cyclo-sym- 
metrical expression of the second degree. Set 

E/P = i(a» -f &2 + c«) 4- m{ab -^bc-^ca). 

For a = 0, 6 = 1, c = — 1, we find that 15 = 2i— m. For a = 0, 6 = 1, c = 2, 
we get 16 = 6Z + %m. Hence i = 5, w = — 5. Hence 

E=^a- h){b - c)(e - a)(a^ ^v^ J^t? ^ ah-bc- ca), 

EXERCISES. 
Factor the following cyclo-symmetrical expressions: 

1. (ib(a — b)-\- be(b — c)-\- ea{c — a). 

2. a\b -e) + M(c - a) -f c*(a - b). 

3. a^V'ia - 6) 4- ^'c't* - c) + c^o.\c - a). 

4. a^a» -&») + M** - c*) + «»'«»- »')- 



^ ' I 6a: - 3v = 2. 



CHAPTER IV. 
SIMULTANEOUS EQUATIONS; DETERMINANTS. 

34. If we assume that the values of the unknown quantities 
x, J/, . . . are the same in each of several equations, the equations 
are called simultaneous equations. 

Consider the pair of simultaneous equations 

2a: - 3y = — 4, 

To solve for x, we multiply the first equation by — 2 and the second 
equation by -|- 3 and add the resulting equations. Then 

14a: =14, x = 1. 

In a similar manner^ we find that y = 2. 

35. Consider the general pair of simultaneous equations 

\a^x-\-bjf = c,. 

To solve for a:, we eliminate y between the equations. This may be 
done by multiplying the first equation by J, and the second by— h^ 
and adding the resulting equations. Then 

Employing the respective multipliers — a, and a^y we get 

The quantities^ in the parentheses are all of the same form. We 
therefore employ as an abbreviation the symbol 



(3) 



a, J, 
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called a determinant of the second order. *It equals the difference 
of the two cross-products. The above relations may now be written 

(4) 



«1 *, 




f, i, 




«. *. 




«. c, 


a, b. 


X = 


c, b. 


» 


a, b. 


y = 


a, c. 



By division, we obtain the values x, y satisfying equations (2). 
In formulae (4), x and y are each multiplied by the symbol 






which is formed of the coefficients in the left members of equations 

c. b. 
(2). The determinant 



c, b. 



is derived from the preceding deter- 



mipant by replacing the a's by c's. We may express our results by 
the following theorem : 

For the simtiltaneoiis equations (2), a: times the determinant D of 
the coefficients of the left members equals the determinant obtained by 
substituting the constants Cj, c^ in place of a^, a^ m the first column 
of D ; y times D equals the determinant obtained by substituting 
the constants Cj , c, in place of b^ , b^ in the second column of D, 

Applying the theorem to example (1), we get 



2 


-3 


X = 


6 


2 





2-3 
6-2 



y = 



2-4 
6 2 



-4 -3 
2-2 

Evaluating these determinants by the definition (3), we get 

14a; = 14, Uy = 28. 

EXERCISES. 

Solve by determinants the pairs of simultaneous equations : 

1. 8aj - y =34, 2. 3aj -f 4y = 10, 8. x - y = n, 

a; -f 8y = 53. 4x -\- y - 9. 5a? - 4y = 40. 

^. ax — by = c, 6. x -^ y = 1, 6. ax -\- by = a^, 

ex — ay = b. ax -\- by = e. bx — ay=ab, 

36. Consider the three simultaneous equations 
(5) I «2^ + b,y + c,z = k^ , 

. «3^ + hy + ^3^ = ^s- 
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If we can combine these equations in such a way that y and z 
shall be eliminated, the resulting relation will, if it contains x^ de- 
termine the value of x. Multiplying the first equation by M^ , the 
second equation by M^ , and the third equation by M^ , and adding 
the resulting equations, we get 

(6) {a,M, + a,M, + a,M,)x + {\M, + \M, + h,M,)y 

We desire that the coefficients of y and z shall vanish. It will be 
shown that this will indeed happen if we take 



(7) 



Jf,= 








b, 6\ 




b, c. 


M,= 


1 1 


, M^ = 


1 1 


2 


^ c> 


' 8 


h 0, 



Substituting for these determinants their values as given by the 
definition (3), we find that 

(8) \M, + \M, + h,M, 

In a similar manner, c^M^ + Cjjifj + ^3^8 = ^' Hence (6) be- 
(!omes 

(9) {a,M, + «,.¥, + a,M,)x = *,ir, + *,Jf, + k,M,. 

For the coefficient of x, with the values of Jf^, J/,, if, inserted 
from (7), we shall employ the following symbol: 



(10) 



a. 



b. 



= a. 



b. 



— a. 



*. 
*. 



+ «! 



*1 



r 



"8 ^3 "^8 

It is noticed that the symbol is formed of the coefficients of the 
left members of equations (5), the coefficients retaining the same 
relative positions in the symbol as in the equations. We may de- 
rive the right member of equation (5) from the coefficient of x by 
replacing a^, a^, a, by k^, k^, k^, respectively. Hence equation (9) 
may be written in the form 



(11) 



a. 



a. 



a. 



\ 
K 



K h. 






X = 






b. 



c. 



38 



SIMULT/tNEOUS EQU/tTIONS ; DETERMINANTS. [Ch. IV 



Such symbols are called determinants of the third order. If 
the determinant on the left is not zero, we obtain by division the 
yalue of x, 

37. The preceding method may be seen to be a direct general- 
ization of the method employed in § 35 for the solution of simul- 
taneous equations in two unknown quantities. To solve equations 
(2) for Xy we employed the multipliers i, and — h^ [notice the 
alternation in sign, corresponding to the signs +, -, + in the 

multipliers (7)]. We observe that, in the determinant 



«i ^1 



a, h, 



a^ and taking the determinant 



of the remaining coefficients. 



\ stands diagonally opposite to a^ and that h^ lies opposite to a,; 
so that the multipliers used in solving for x lie opposite to the co- 
efficients of X in the equations (2). For the three equations (5), 
the multipliers (7) used in solving for x lie opposite to the coeffi- 
cients of X. Expressed more exactly, the first multiplier Jf^ may 
be derived from the array of coefficients in the left members of (5) 
by erasing the row a^, ^^, c^ and the column a^, a,, a^ containing 

The second multiplier M^ , apart from its sign, may be derived by 
erasing the row and the column containing a, and taking the deter- 

by erasing the row and the column containing a,. The resulting 

determinants are called the minors of a^, a,, a,, respectively. 

In solving equations (2) for y, we employed the multipliers 

— a, and + a^ Apart from their signs, they are, respectively, the 

minors of \ and h^ (the coefficients of y in the given equations) in 

a, I, 



minant 



of the remaining coefficients. Similarly, J!f,is gotten 



the determinant 



a, J, 



This suggests that, in solving equations 



(6) for y, we should employ as multipliers — i^j, +J5,, — 5„ 
where 



(12) 



B,= 



«. 


c^ 




a. 


c. 




a. 


c. 


J 


% 


. ^,- 


I 


I 


, 5,= 


1 


1 


«. 


c. 


m 


«s 


<^t 


W 


«. 


'^i 
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which are, respectively, the minors of Jj, J,, 5, in the determinant 
(10) of the coefficients of the left members of (5). Then 

(13) - a^B, + a,B, - a,B, = 0, -^c^B, + c,B, - c^B, = 0, 

so that, for M^= — B^, M^= + ^,, M^= — B^, equation (6) 
gives 

(14) (^b,B, + h,B, - \B,)y = - k,B, + k,B,--k,B,. 

The coefficient of y, with the values of B^^ B^, B^ inserted from 
(12), may be expanded as follows : 

(15) - JjfljC, + S^ajC, + b^a^Cj^ - b^a^c^ - b^a.c^ + \a^c^. 

It is therefore equal to the determinant (10). The right member 
of (14) is derived from the coefficient of y by replacing ^j , d, , b^ 
by k^, k^j ^, , respectively. Hence (14) becomes 



(16) 



a. 



a. 



y = 



a, k. 



a. 



a. 



Incidentally, it was seen that the determinant on the left can 
be expanded according to the elements of the second column by 
multiplying b^ by the negative of its minor B^ , b^ by its minor B^ , 
J, by the negative of its minor B^ , and taking the sum of the re- 
sulting products. 

Proceeding in a similar manner, we find that 



(17) 



«, 
«« 



a. 



^2 
Co 



z = 






a. 



b. 



k. 



K k. 



Hence to solve equations (5) for any one of the unknown quan* 
tities Xj y, z, we equate the product of the unknown and the deter- 
minant D of the coefficients of the left members of (5) to the deter- 
minant obtained from D by substituting the constants k^, A;, , k^ in 
place of the coefficients of that unknown, 

38. It follows also from the preceding developments that, if 
Jj, ^,, J,, JSp B^y B^, (7,, C,, C; denote the minors of a,, a,, «,, 
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K> h' h* ^if ^2' ^5» respectively, in the determinant D, these rela- 
tions hold : 
a^Ai—a^A^+a^A^ = Z>, -a^B^ -|-a,5,— as-B's= 0, a, Ci - a^C^+a^C^- 0, 

Ci^i-eVij+Cs^s =0, -Ci^i+Cj^j-CsB, =0, CiCj-c^Cj+CjCi =Z) 

The three expressions for D give three methods of expanding 
the determinant D. To expand D according to the elements of 
any colnmn, we multiply each element by its minor, with the 
proper sign prefixed, and form the sum of the products. The 
proper sign depends upon the position of the element, as exhibited 
by the following scheme: 



+ 




+ 


— 


+ 


— 


+ 




+ 



Compare the black and white spacing on a checker-board. 
39. The second equation in the above set may be written 



= M, - hA + *,^, = 






Hence a determinant vanishes if its first and second columns are 
alike. Similarly, the third equation gives 



= c^A^ 



^1-^2 + ^8-^S — 






Hence a determinant vanishes if its first and third columns are alike. 
Similarly, — c^B^ + Cf^i — ^s^s = ^ shows that a determinant 
vanishes if its second and third columns are alike. The last result 
also follows directly from the definition (10) of the determinant. 
Combining these results, we see that a determinant of the third 
order vanishes if any two of its columns are alike. 



Sec. 40] 



COLLEGE ALGEBRA, 



41 



40. Upon expanding the three determinants 



h 

K 
h 



a. 



a. 



<^x 




a. 

1 


Cl 


^ 




Cl 


^ 


«i 


c, 


» 


«. 


c. 


*. 


» 


<^. 


K 


«. 


«. 




«. 


c. 


*, 




c. 


\ 


«. 



according to the elements b^, ^, , b^y we obtain in each case 

h,B, - d,Z^, + b,B, = - Z). 

But these determinants were obtained from D by interchanging 
two of its columns. By the interchange of any two columns of a 
determinant of the third order, its value is changed in sign. 

The theorem of § 39 may be derived as a corollary to the last 
theorem. Indeed, if D has two columns alike, it is evidently un- 
altered upon interchanging them, whereas it must change in sign. 
From Z>.= — D, we derive D = 0, 

41. As an example, consider the simultaneous equations 

^+ y+ ^ = 11, 

2x — Qy — z = 0, 

dx + ^y i-2z = 0. 

Employing the definition (10), we find that 

111 

2 - 6 - 1 = 11. 

3 4 2 

Hence formulae (11), (16), and (17) give 

11 1 1 1 11 1 1 1 11 

11a; = 0-6—1, lly=2 0-1, lU = 2 -6 

042 302 340 

Each determinant has two zeros in one of its columns. It is 
therefore best to expand the determinant according to the elements 
of that column. The results are, respectively. 



11 



—6 -1 
4 2 



= -11.8, -11 



2 -1 

3 2 



= -11.7, 11 



2 -6 

3 4 



= 11.26, 



Hence x = —8, y = —7, z = 26. 
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42. Consider the simultaneous equations 

^ + y + « = i> 
(i&) ox + ^y + ^^ = *> 

The value of x is given by the relation 



(19) 



111 




111 


a b c 


X = 


k b c 


a' V (? 




1^ ¥ <? 



We may factor D without 
If we substitute b for a in /), 



Denote the coeflBcient of x by D, 

making use of its expanded form. 

we obtain a determinant having its first and second columns alike^ 

which therefore vanishes by § 39. Hence, by the factor theorem, 

« — J is a factor of Z). Similarly, a — c and b — c are factors of 

/>. Since D is of the third degree in the letters a, ^, Cy we may 

write 

(20) D = m{a- b){a - c){b - c), 

where w is a numerical factor not involving a, b, or c. For the 
particular values a = 0, b = 1, c = —I, the identity (20) becomes 
2 = — 2m, whence m = — 1, The same result follows from a 
comparison of the coefficients of a term, like bc^, in the expanded 
forms of the two members of (20). Changing the sign of the 
factor a — Cj we may state the result: 

111 

(21) a b c ={a-b){b - c){c - a). 

a^ W (? 

Changing a into i, we obtain (Jc — d)(J — c){c — *) as the 
value of the determinant in the right member of (19). Hence 

^ ^ {Jc - h ){c - k) 
{a — b){c — a)' 

In a similar manner, it is found that 

^ {k - (^ {a - k) __i^-: a)(bj--h) 
^'^ {b - c)(a -by ^ ~ (6- - n){b - c)' 



1 1 


1 


a h 


c 


a* h' 


c* 
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43. If, in place of the third equation (18), we take 

the values of x, y, z depend upon determinants of the form 



^ = 



It follows as above that ^ is divisible by the product 

P={a-b){b'-c){c-a). 

Since the degree of J in its expanded form is five, the quotient 
^/P is of the second degree in a, b, c. By the interchange of 
a and b, P is changed into — P and A into —- J (§ 40), so that 
A/P remains unaltered. Likewise J/P is unaltered by the inter- 
change of a and c or by the interchange of b and c. Hence A/P 
is symmetrical in the three letters a, by c, so that we may set 

(22) J/P = m{a^ + J^ + c^) + n{ab + ac+ *<?), 

where m and n are numerical values independent of a, b, c. We 
may evaluate m and n by substituting in the identity (22) special 
values for a, b, c, such, however, that the denominator P does not 
vanish. For a = 0, b = l, c = — 1 we get f = 2m — n. For 
a = 0, b = 1, c = 2, we get -^^ = 6?w + 2n, Solving these two 
simultaneous equations, we find that m = 1, » = 1. Hence the 
above determinant may be factored thus: 

J = (a - b)(b - c){c - a){a^ + V^ + c^ + aJ + ac + be). 

EXERCISES. 

. Solve by determinants the foHowing sets of simultaneous equations, can- 
celling the extraneous factors in 3, 4, 5, 6 : 

1. « + y + 2 = 0, 2. « - 2y -f 2 = 12, 

oj -f 2y -f 3« = - 1, a; + 2y + a? = 48, 

a? + 3y -I- 62 = 0. 6a; -f 4y + 32 = 84. 

3. aj+y-f-2=rl, .^^ x-\- y-^ z=l, 

ax -^ 6y -f ez = k, a^x + % + c^g z= ife^ 
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6. aa;-|- V -\- « = a — 3, 
« + ay + « = — 2, 

«+ y-f<w = — 2. 



te-}-<y-f<»« = <* -f26 + <j, 
«p + <»y + ^=<» +6 + 2<j. 



44. If ^, = 0, i, = 0, A;, = 0, equations (5) become 

(23) a^x+\y'\'C^z = 0, a^+b^+cji = 0, a^x+h^-\-c^ = 0. 
According to the general method of solution, we have 

(24) Dx = 0, Z>y = 0, Z>« = 0, Z> = 



a. 



b, c. 



h 



li D 4^ 0, we obtain only the evident set of solutions 2; = y = 2j = 0. 
But, if /> — 0, the relations (24) impose no conditions upon cc, y, z. 
In this case, equations (23) might have solutions other than the 
evident set a; = y = 2; = 0. Let us seek the solutions for which 
z ^ Qy for example. The first and second equations (23) may then 
be written 



«.?+^^ = 



— c 



i» 



z z 



= — c. 



X 1/ 

For the unknown quantities — and - we obtain the relations 



(25) 



It remains to inquire whether the resulting values of — and - 

z z 



«1 


K 


X 


-"l 


*. 




«i 


*, 


l_ 


«. 


-Cl 


«. 


\ 


z 


-c, 


h 


y 


«. 


h 


z 


«, 


<^, 



satisfy the third relation (23), which may be written 
(26) 



«.T + *>7 + c, = 0. 

z z 



To avoid fractions, we multiply (26) by 
the values of — , -. The result is clearly 



«2*2 



before substituting 



a. 



— c, b. 




a, 


— c. 




a, b. 


1 1 

■J 


+ *, 


1 


1 


+ o» 


1 I 


-c, *, 


t 


a, 


-c. 




a, J, 



= 0. 
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The left member is seen to be equal to D, Hence, if i> = 0, 

the third condition (26) is satisfied by the values of -, ^ given by 

z z 

(25). We must examine the special case when 



0,= 



«1 *, 



cc 1/ 

vanishes^ since equations (25) then fail to determine — , — . If 

z z 



^.= 



*. c. 



does not vanish, we divide the first and second equations (23) by x 
and obtain solutions for — , — , which satisfy the third equation if, 
and only if, 2> = 0. Similarly, if 



B = 



a. 



a. 



X z 

does not vanish, we obtain solutions — , — , if Z> = 0. 

y y 

There remains the case A^ =0, -5, = 0, (7, = 0. Since a^ , 
\ , Cj are tacitly assumed to be not all zero, we suppose that a^ =^ 0, 
for definiteness. We may then set cr, = pa^ , whence afi^ — ap^ 
= gives h^ = pb^, while a^c^ — OjCj = gives c^ = pc^. Hence the 
second equation (23) may be derived by multiplying the first equa- 
tion byjt?. We need therefore only consider the first and third 
equations (23). As shown by the above method, these two equa- 
tions determine the ratios of x, y, z except in the case 



= 0. 



In the latter case, the third equation is a consequence of the first. 
Since the equations then reduce to a single one, arbitrary values 
may be assigned to y and z ; and the equation then determines x. 
We may therefore state the following theorem : 



«1 


h 


-0, 


\ 


"x 


-0, 


«i 


c, 


«. 


h 




K 


c, 




«. 


c. 
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The necessary and sufficient cojiditions that equations (23) have 
solutions .T, y, z, not all zero, is that the determinant I) shall van- 
ish. If D = 0, the equations reduce to two equations or to one 
equation, according as the minors of the nine coefficients are 7iot all 
zerOy or are all zero. In the first case, the ratios x\y \ z are deter- 
)7iinedy so that one unknown is arbitrary; in the second case^ two of 
the unknowns may be chosen arbitrarily. 

GivcQ, for example, the simultaneous equations 
2a; + 3^ — 4z = 0, 3a; + 5y — 2; = 0, 7x + lly — 95J = 0, 
the determinant D is zero, and relations (25) become 



— — 17 -^ — 

2; "" ' z ~ 



-10. 



45. Theorem. A determinant of the third order is not altered 
in value if toe multiply the elements of any column by a constant 
and add the results to another column. 

Consider a determinant D and its expansion : 



a. 



a. 



a. 



b 
b 



1 ^1 
c. 



Multiplying the J's by m and adding the products to the a^s, we get 

a^ + mb^ b^ c, 

a^ + mb, b, c, = (a^ + mb^)A^ - (a, + mb,)A^ + (a, + mb^)A^ 

a, + mb, b^ c, 

= {a,A^ - a^A^ + a^A^) + m{b,A, - b,A, + b^A^,) = D, 

since the expression multiplied by m is the expansion of 



b. 






which is zero by § 39. The theorem is therefore tme for this case. 
To extend the proof to the general case when the elements of the 
ith column of D are multiplied by m and added to the^th column. 
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the resulting determinant being called D^, we observe that the ;th 
column of D may be interchanged with the first column and the 
itli column interchanged with the second column of the new deter- 
minant^ giving the final determinant />' = ± />. Doing likewise 
with i)„ , we get the determinant D'^ = ± Z>„. By the proof 
given above, D'^ = D\ Hence D^ = D. 
As an example^ consider the determinant 

2 11 

D= 6 2 1 

12 3 1 

Multiplying the second column by — 2 and adding to the firsts 

Oil 

D=z 2 2 1 

6 3 1 

Multiplying the third column by — 1 and adding to the secondy 

1 
D= ^ 1 l=-2. 
6 2 1 

The aim is to obtain two zeros in one row or one column. 

46. Theorem. If the first, second, and third columns of a de- 
terminant of the third order be taken as the first, second^ aiid third 
rows, respectively^ of a new determinant, the resulting determinant 
equals the original determinant. 

Starting with the determinant 2>, given by formula (10), we 
form the determinant 



(27) 



D' = 



a. 



«„ a. 



*i K h 



^1 ^2 ^3 



-a. 






-*. 


«. 

c, 




+c. 


«. 

h 


0. 



The terms of D and Z)' which involve a^ are seen to be equal by 
inspection. The terms of D' which involve a^ are — b^a^c^ -f ^A^s> 
the same as in D. The terms of D' which involve a^ are b^c^a^ — 
CjSj«3 , the same as in D. Hence D = Z>'. 
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It follows also that the determinant D may be expanded accord- 
ing to the elements a, , ftj , r, its first row^ viz.. 

Since any row may be interchanged with the first row if we change 
the sign of D, we obtain the following expansions according to the 
elements of the second or of the third row : 

D='-a,A, + b,B,^c,C,, D = a,A,-b,B, + c,C^. 
For example, the determinant (27) may be expanded thus: 



2> = 



1 
2 



] 



! - 



2 1 
6 1 


+ 1 


2 1 

6 2 


— 


2 1 
6 2 



= -2. 



Applying the present theorem that the rows and columns of a 
determinant may be interchanged to the results of §§ 39, 40, we 
may conclude that the value of a detertninant of the third order is 
changed in sign tohe?i any two of its rows are interchanged, and also 
that a determinant of the third order vanishes if any two of its 
rows are alike. Similarly, from the last section we derive the 
theorem that a determinant of the third order is not altered in 
value if we multiply the elements of any row by a constant afid add 
the results to the eUmeiits of another row, 

47. Theorem. A factor cormnon to the elements of any column 
or any row of a determinant of the third order may be removed and 
placed as a factor in front of the resulting determinant. 
The proof follows from the relations : 

ma„ K c„ = ma^A^ — ma^A^ + ^^s-^, = m 



ma. 



h 



ma^ 
a„ 



a. 



mb^ 



mc. 



= ma^A^ — mb^B^ + mc^O^ = m 



a, 
a. 



a. 



a, 
a„ 



and similar relations derived by interchanging rows or columns. 
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As an application, consider the cyclic determinant: 

a b c 



J- 



c 
b 



a 

c 



b 
a 



= a^ + b^ + €^- 3abc. 



Upon adding the last two columns to the first column, the resulting 
determinant, equal in value to J by § 45, has all the elements of its 
first column equal to a + 6 + c, which is therefore a factor of the 
determinant. Since a + J + c and the expansion of J are both 
symmetrical in the letters a, b, c, the remaining factor is a sym- 
metrical expression of the second degree. Hence 

^ = {a + b + c)lm{a^ + J2 + c») + niab + ac + be)]. 
Hence the right member must have unity as the coefficient of a^ 
and zero as the coefficient of a* J. Hence m = 1, m-{-n = 0. We 
have therefore the important factorization 
(28) ^ = a^+V+c^-3abc = {a+b+c){a^+P-{-€^-ab-ac-bc). 

The factor of the second degree may be decomposed into two 
imaginary linear factors. Let co be the quantity introduced in § 8> 
BO that G7^ = 1. Multiplying the elements of the second column of 
^ hy GO and those of the third column by oor^ and adding the prod- 
ucts to the elements of the first column, the sums are 

a + bao + CGO^^ c + aco + boa^ = a){a + J<» + car^), 

b + ceo '\- aoo^ E aj^(a + Jg? + cno^). 

Hence a -\- bco+ cooi^ is a factor of J. Employing the multipliers 
Qo^ and G?, we obtain the factor a -^boo^ -\- ceo. Hence 
(28') J = {a + b + c)(a + Jfi? + cGiP){a + Jar* _^ ^go). 



EXERCISES. 
Solve the following sets of simultaneous equations : 
1. « + y 4- 32 = 0, 2. a? + 3y -h 4« = 0, 3. 2a! - y + Ast 
aj4-2y+2« = 0, 4a; + 12y + 1ft? = 0, a;+ 3y - 2z 

« + 5y - 2 = 0. 3aj 4- 9y 4- 122 = 0. x-lly + liz 

' Factor the following determinants without expanding them: 



0, 
0. 
0. 



4. 



a 


b 


e 


a^ 


b^ 


^ 


a» 


6> 


(? 



5. 



1 


a be 


1 


b ea 


1 


e cbb 



6. 



d 


d 


d 


6 


b 


a 


Ob 


ac 


be 



so 
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7. a? a^ - (6 - cf he 



b' h' 



(e - af 
{a - bf 



ea 
ab 



Q^ b^ c" 

be ea ab 



48. As definition of a determinant of the fourth order, we take'*' 



(29) 



a. 



a. 



c\ 



a. 



*, 



^4 ft, c, d^ 
where A^ denotes the minor of a^ obtained by erasing the row and 

the column containing a^, A^ the minor of a,, etc. ; that is. 



A = 



\ c, d. 




&, c, d, 


\ <^» <^. 


. '4,- 


*, <^. <^. 


*4 c, d. 




\ c, rf. 



A= 



*. 


^I 


d. 


*. 


c. 


d. 


*, 


C4 


d. 



A = 



*1 ^1 ^1 

*2 ^2 ^2 

h ^s fi^s 



The terms of (29) which involve ft, are seen to be 



-aA 



c. 



+ «s*i 



rf. 



rt.ft, 



d. 



2| _ 



-ft. 



a. 



a. 



c. 



a, c^ d. 



which equals — ft,Z)\, where B^ denotes the minor of ft, in the deter- 
minant D defined by (29). Similarly, the terms of D which in- 
volve ft. are 



^A 



6\ 



d» 
d. 



-«.*. 



d, 
d. 



+ «A 



c. 



d, 
d. 



= i. 



«I 


<^1 


d. 




«. 


c. 


d. 


? 


«4 


C, 


d. 





which equals \B^, where B^ denotes the minor of ft^ in D, Simi- 
larly, the terms of D which involve ft, may be combined into 
— ft,^,, the terms which involve ft. mav be combined into b,B,. 

m 

Hence we have 

(30) 2> = - b,B, + \B, - \B, + ft,i5,. 

But by interchanging the first and second columns of Z), we get 



ft, a, 
ftj, a^ 

ft. a. 



d, 
d, 

d, 
d. 



= b,B, - b,B, + b,B, - b,B, = -D. 



*Tbe definitions of determinants of orders 5, 6, etc., are quite similar. 
They have properties analogous to those of determinants of orders 2, 3, 4. 
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Hence a determinant of the fourth order is changed in sig7i by 
interchanging its first aiid second columns. 

Upon interchanging the ^'s and c's in the identity {2d), we note 
that the signs of A^y A^, A^, A^ are changed (§40). Hence the 
new determinant of the fourth order is the negative of D. Simi- 
larly, upon interchanging the ^'s and d'Sy or the c's and d\ the 
sign of D is changed. 

In order to interchange the «'s with the c% we may first inter- 
change the a's with the ^'s, then interchange the a's with the c^s, 
and finally interchange the ^'s with the c's. The sign of the de- 
terminant is changed at each of the three steps. 

The preceding results may be combined into the theorem: 

A determinant of the fourth order is changed in sign by inter- 
changing a^iy two of its columns. 

As a corollary to this theorem, we have the result: 

A determinant of the fourth order vanishes if any two of its 
columns are alike. 

49. By the definition of the determinant symbol, we have 

a^ + '^^^1 ^1 ^1 ^1 

a^ + mb^ b^ c^ d^ = {a^ + mb,)A^ — («, + mb^)A^ 

«3 + ^h h ^8 ^8 + («s + ^^)^8 "- (^4 + w«>,)^, 

a^ + ^^4 ^4 ^4 ^h 
= {a^A^ - a^A^ + Ms - M4) + m{b^A^ - b^A, + J, J, - b,A,). 

The first quantity in parenthesis equals the determinant (29) ; 
the second equals m times a similar determinant with the a's re- 
placed by b% a determinant having its first and second columns 
alike and therefore equal to zero (corollary of §48). We have 
therefore proved that a determinant of the fourth order is not 
altered in value if the elements of the second column be multiplied 
by a constant m and the results added to the first column. 

As in §45, we extend the theorem to the case in which the 
columns in question are arbitrary, say the ith and jth columns. 
Indeed, by an even number of interchanges of columns, we may 



52 



SIMULTANEOUS EQUATIONS; DETERMINANTS, [Ch. IV 



bring the /th column into the position of the first column, and the 
ji\\ into the second column. Each interchange ,of columns only 
changes the sign of the determinant (§ 48). We may therefore 
state the theorem: 

A determinant of ths fourth order is not altered in value if the 
elements of any column are multiplied by a constant and the prod- 
ucts added to the corresponding elements of any other column. 

As an application, we prove that the determinant 



J = 



a, nc^ 



a. 



nc^ 
nc. 



nc. 



d. 



d. 



vanishes identically. Multiplying the third column by — n and 
adding to the second column, we obtain an equal determinant hav- 
ing only zeros in the second column. Interchanging the first and 
second columns, we obtain a determinant which vanishes, as shown 
by the definition (29), whereas its value is — ^. 

50. Theorem. A detenninant of the fourth order is unaltered 
in value if its corresponding rotvs and columns are interchanged. 

In fact, if the given determinant is (29), the resulting deter- 
minant is 



D = 



a, a, 
d, d. 



«8 



a. 



d. 



= a^A^ - JjJ^j + CjC^ - dj)^y 



where A^ is the minor of a^, B^ the minor of Jj, etc., in D, In 
view of the corresponding theorem for determinants of the third 
order (§46), these determinants A^, B^, (7j, D^ are equal to the 
minors of a^, Jj, Cj, d^, respectively, in the original determinant 
(29). Hence in the two determinants D and (29), the terms in- 
volving ttj are the same. The terms of (29) which involve \ were 
seen in § 48 to be given by — h^B^ , the same as in D. The terms 
of (29) which involve Cj are evidently 
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(-«^(-«.) 



J. d, 
h. d. 



+ «.(- c,) 



b. d. 



- «.(- c.) 



b, d. 



— Cj(7j. 



Similarly, the terms of (29) which involve d^ are given by — ^i-Oi- 
It follows that a determinant (29) of the fourth order can be 
expanded according to the elements of the first row by taking the 
sum of the products of each element and its minor, with the proper 
sign prefixed, viz., a^A^ — \B^ + c^Cj — d^D^ 

51. Combining the theorem of §50 with the theorems of §§48, 
49, we derive at once the following results: 

A determinant of the fourth order is changed in sign by inter- 
changing any two of its rows. It vanishes if any two of its rows 
are alike. It is not altered in value if the eleme7its of any roxo are 
multiplied by a constant and the products added to the correspond- 
ing elements of any other roiv. 

52. By the definition (29) and the proof in § 50, a determinant 
D of the fourth order can be expanded according to the elements 
of the first column or of the first row as follows : 

D = a^A^ — a^A^ + a^A^ — a^A^, D = a^A^ — b^B^ + c^C^ — d^Dy 
Since any row can be brought into the first row by an interchange 
of rows, and likewise any column into the first column, the deter- 
minant being changed in sign by each interchange, we derive the 
expansions : 



D = -b,B,+b,B,-b,B,+b,B,, 
D=+ c,C,-c,C\+c,C,-c^C,, 
D=-d,D,+d,D,--d,D,+d,D,, 



D=-a^A,+b,B,^c,C,+d,D, 
D=+a,A,^b,B,+c,C-d,D,, 
D=- a,A,+b,B^^c,C,+d,n^, 



The signs are determined by the positions of the elements. The 
following scheme, analogous to a checker-board, is useful: 



+ 











+ 


— 


+ 


+ 




+ 






+ 


— 


+ 
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53. As an example, we evaluate the determinant 



/> = 



1 
3 
4 



-1 
7 
5 

— 3 



3 

1 

5 
f> 



-2 

-1 

3 

-1 



We seek an equal determinant having three zeros in one row or 
one column. To avoid fractions, we select a row or column con- 
taining ± 1 as an element, say the last column.* Adding it to the 
first and third columns, and, after multiplication by 7, to the sec- 
ond column, we get 



Z> = 






- 15 


1 


-2 























— 15 


1 











- 1 


















m^^m • 


6 


26 


2 


6 


26 


-2 


3 




3 


10 


1 


3 


- 10 


1 


- 1 











upon expansion according to the second row. Multiplying the 
last row of the determinant of the third order by — 2 and adding 
to the second row, we get 

0-15 1 



/>= - 



= -3 



-15 



46-4 



= -42. 



46-4 

3-10 1 

54. Consider the general set of simultaneous equations 

«i^ + Ky + ^i« + ^i«^ = Ky 

««^ + *iy + ^i« + ^j^ = K f 
«s^ + *8y + V + ^s^' = *« » 

a^x + bj/ + c^z + d^tv = k^. 

To solve for a;, multiply the first equation by the minor A^ , the 
second equation by — -4,, the third by ^j, and the fourth by — ^^, 
and add the resulting equations. By formula (29), the coefficient 

* If none were present, we first work to that end, unless all the elements 
of one row or column are multiples of one element (as is the case with the 
first column of the above determinant of the third order). 
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of X in the sum is the determinant D of the coefficients of the left 
members. The resulting equation becomes 

+{d^A^-'d^A^^d^A^-i\A^w = k^A^-k^A^+k^A^-k^A^. 

The coefficients of y, 2;, tv all vanish since they are the expan- 
sions of determinants having two columns alike (§48). The right 
member is the expansion of a determinant derived from D upon 
replacing the a's by i's. Hence the relation becomes 



Dx = 



a. 



a, 
a. 



a. 



d. 

d, 
d. 



X = 



k. k c. d. 



L k 



d. 



K h ^3 ^3 
k, b, c. d. 



To solve for y, we use the multipliers - B^, -\- B^, — B^, 
+ B^. The coefficients of x, 2, w are seen to vanish, while that of 
y is, by (30), 

- b,B, + b,B, - ^3^3 + b,B, = Z). 

To solve for z, we use the multipliers + ^1 » — ^', > + ^s» — 0^. 
Similarly for w. We obtain the following results: 

a^ k^ Cj d^ 



Dy = 



a, k, c, d, 

«3 h ^3 ^3 
a, k, c, d. 



Dz = 



^1 ^i ^1 f^i 

a^ c^ k\ d^ 

^3 ^3 ^8 ^8 

a^ c^ k^ d^ 



Dw = 



«i *i ^1 ^1 

a, b, r, k^ 

«8 ^8 ^8 ^'S 

a^ b^ 6\ A;^ 



i/e«c^ the product of any one of the unknown quantities by the 
determinant D equals the determinant obtained from D upon re- 
placing the coefficients of that unknoum by the constants k^y . . , k^. 

As an example we take the simultaneous equations 

a?+y+ ^+ w = 0, 
ic + 2y + 32; + 4w; = 0, 
a? + 3y + 62; + lOw = 0, 
;2j 4. 4y 4_ lOz + 20t^ = — 1. 



56 



SIMULTASEOLS EQL'ylTiONS; DETERMIN/INTS, [Ch. IV 



The deterinimuit D of tlie coefficieuts of the left members is 
found to equal -|- 1. lieuce 



X = 









1 
2 
3 



1 1 
3 4 

6 10 



y = 



4 10 20 

Oil 

3 4 

6 10 

-1 10 20 



1 1 

= + 12 3 

3 6 



1; 


I 1 1 






1 


• - ~ 


_ 1 21 


4 — 

1 


12 




3 7 


10, 


r» 7 




*.*  



= 1, 







111 




111 




2 3 
5 9 


— 


- 1 


13 4 


= — 


2 3 








1 6 10 




5 9 








iSimilarly, 2 = 3, w = — 1. These values of a:, y, z, w satisfy 
the given equations. 

EXERCISES. 
Solve by determinants the sets of sunultaneous equations : 



1. 2j;- y 


H- 3z — 2w - 


= 14. 


2. 


ax-{- 


6y 4- <» + 


dw ■— 


*. 


«+7y+ 2- w-13. 




a^x + ft*y -f <5*g -f (Tt^J — 


*•. 


ar-f-5y-5z + 3w = ll. 




a^x -\- l^y -\- <?z -\- d^w = 


*>. 


4a? -3y 4-28- w = 21. 




a*a; + 6*y + c*« -j- d*«7 = 


A*. 


8. ftr 4- 4y -h 32 - 84w = 0, 


4. 


2a;4-3y— 42-f5w = 


0, 


a; + 2y-f-3«-48w = 0. 




3aj-f-5y- z -{- 2w = 


0, 


x-2y-{- «-12w = 0, 




Ix + lly - 9g -h 12w = 


0. 


4a; -f- 4y — « — 24w — 0. 




3a; -f 4y - llg -f 13tr = 


0. 


Factor the determinants without 


using their expansions : 




6. 


6 a d 6 






6. 


a & c 
a <; & 








c d a b 


• 






5 <; a 


• 






d c b a 








c b a (S 







Solve by determinants the simultaneous equations in three unknown 
quantities to which the following problems lead : 

7. The value of 870 coins consisting of dollars, dimes, and half-dimes 
amounts to $61 If there were twice as many dimes, half as many half- 
dimes, and three times as many dollars, the total value would be |144. 
Find the number of coins of each kind. 

8. How much money shall be given to A, B, C so that A shall receive 
one- ninth as much as B and C together, B one-third as much as A and C 
together, and C |6 more than A and B together ? 
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9. Find a number such that the sum of its three digits is 16, the first 
digit equals the sum of the second and third digits, the sum of the first and 
second digits equals seven times the third digit. 

10. Find a number the sum of whose three digits is 15, which is increased 
by 99 upon reversing its digits, and which is decreased by 9 upon inter- 
clianging the second and third digits. 



On the history of determinants, see Muir, Theory of Determinants in the 
Historical Order of its Development, London (Macmillan & Co. ;, 1890 ; 
Pascal, Die Determinanten, Leipzig (Teubner), 1900. 

in addition to the latter, the following text-books may be consulted: 
Scott, Theory of Determinants, Cambridge. 
Muir, Treatise on the Theory of Determinants (Macmillan). 
Weld, The Theory of Determinants (Macmillan), 1893. 
Baltzer, Theorie und Anwendung der Determinanten, Leipzig. 
Bumside and Panton, Theory of Equations, Dublin (pp. 229-288). 
Merriman and Woodward's Higher Mathematics, New York (Wiley 
& Sons). 



CHAPTER V. 

RATIO; PROPORTION; VARIATION. 

66. By the ratio of two algebraic numbers a and h is meant the 

quantitative relation of a to & which is measured by the quotient -. 

A notation for this ratio is a :h. By the ratio of any two quan- 
tities of the same kind is meant the ratio of the two numbers ex- 
pressing the number of units contained in the quantities. Thus 

fin 
the ratio of 2 months to 10 days is expressed by the number — 

= 6; the ratio of $2 to 20 cents is expressed by the number 10. | 

Evidently the ratio a : b equals the ratio ma : mh. The ratio of i 

c , r ^ c r C8 
, to —equals —--- = -—. 
d s a s dr 

If the ratio of two quantities can be expressed as a rational 

number, the quantities are said to be commensurable ; otherwise, 

they are said to be incommensurable. Thus the diagonal and side 

of a square are incommensurable, since their ratio = 1_ = ^ is 

not a rational number (§2). 

The ratio aa : b/3 is said • to be the ratio compounded of the 

ratios a : h and a : ft. Its value 7-5 equals the product of - and 

01 

-. When the ratio a : & is compounded with itself the resulting 

P 

58 
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ratio a^ : ^ is called the duplicate ratio oi a ib. Likewise cfi : h^ 
is called the triplicate ratio ota\h, 

66. Problems involving several equal ratios 

/i\ ace 

(1) b=d = j = -" = ' 

are usually solved most simply by eliminating the numerators a^ Cy 
c, ... of the fractions (1), by substituting in the proposed identity 
their values 
(2) a = rh, c =^ rd^ e = rf, 



• • • • 



Example 1. Given — = — = — , prove that 

oaf 

a» - 2C3 -i- 46» _ ace 

Making the substitution (2), the two fractions become 

r»y - 2r»d» + 4ry« _ r^b^ __ 
&» - 2<? 4- 4/» ~ ^' W " 

Example 2. If the ratios r» 3-» 7» • • • we equal, each equals 

a -{- c + e -{- , . . 

Making the substitution (2), the fraction reduces to r 

Example 3. Prove that - = ^ = — , when it is given that 

a c ° 

hz — cy _ex — az _ay — }}X 
a h ~~ c ' 

Applying the result of Ex. 2, each of the latter fractions equals 

ajpz - cy) -\- b[cx — gg) 4- c{ay — 6a;) _ 
a2 -I- 6« + c2 ^-"• 

Hence bz — cy = 0, ex — az = 0, ay — bx = 0, and therefore 

«_y a;_g y _x 
c b* a ~ c' b ^ a 

EXERCISES. 

1. Arrange the ratios 5:6, 14 : 16, 41 : 48, 31 : 36 in descending order 
of magnitude. Find the ratio compounded of tliem. 
2 What value of x makes 3-f«:4 + aj = 5:6? 
3. Find the duplicate and triplicate ratios of 3 : 5, also of 6 : 7. 



^ 
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4. Find two numbers such that their difference, their sum, and the sum 
of their squares are as 1 : 15 : 113. 

6. Find two numbers whose sum is 77 and whose ratio is 3 : 8. 
If a ; ft = c : d = d :/, prove that 

6. a*6» -j- 3aV - 5**/ : *• + ^P. - ^f^ = a* : 6*. 

7. a'c -h 3c»tf -f- 7«»c : W + 3d»d + If^d = «»:/». 

8. i/(oc - 3c* + 4d«) : i/(W - 3d« + 4/*) = e:d. 

9. a« + a6:<?*-fcd = ft»-5a6:(r-5cd. 

10. If («» + *» + c^X^* + y* + «*) = (<M? + *y + <»)', then -= ^ = i. 

d c 

11. If ^wy + n« — te) = m{n8 -f te — 7»y) = 7i(te + my — m\ prove 
that y-|-« — a?:i = 2 + a;-y:m = aj + y — «:w. 

4^ — 3t< 2 — y 2iF 4- 3fi( 2/ 

12. If -s — ; — - = ^ = = — —ii~* each fraction equals -. 

3«-|-y «— aj5y — 3aj ^ y 

18. If — ^ = r-^ = — , then « + y + « = 0. 

57. Proportion. If the ratio a : d equals the ratio c : d, the 
four quautities a, i, 6;, d are said to be proportionals or in propor- 
tion. The proportion is written a : b :: c : d, or also a : b = c :d, 
and is read a is to d as t; is to d. The terms a and d are called the 
extremes, b and c the means. 

In any proportion the product of the extremes equals the product 
of the means. Thus, from a : b = c : d we get 

a c 

-T^^^'i ad = bc» 
a 

Inversely, if ad = be, then «, i, c, <2 are in proportion. 

If three quantities a, b, c are such that a : 5 = J : c, so that 
}^ z=: acy then d is said to be a mean proportional between a and c, 
while 6; is said to be a third proportional to a and b. 

If a :b =^ c : dy then a ± b : b = c ± d : d. In proof, we add 

.-, ,, f, a c „„ a ±b c ± d 

± 1 to each term of ,- = -^. ihen — = — = — - — . 

b d b d 

Dividing the terms of the equation in wliich the plus sign holds 

by the terms of the equation in wliicli the minus sign holds, we get 

a -{- b _ c -{- d 
a — b~ c — d' 
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Hence, \ia :h = c : d, then a-\-h : a — h := c-\-d ic ^ d^2^ result 
said to be derived by composition and division from a : b = c : d. 

EXERCISES. 

1. If a:b = b : e, then a : c = a* : 6*. 

2. If a :b = e: dy then b : a = d : e, and a : c = b: d. 

3 If a:b = c : d, and e :f = g ih, then ae : bf = eg : dk. 

4. Find the mean and third proportionals to 4 and 16; to a* and a'd*. 

If a : & = c : <?, prove that 
6. o'e- ac'il^d - bd* = {a - ef : (b - d)». 
6. pa* + g6* : pa* — qt^ = p^ -^ qd^ : p(^ — qd*. 

Ifa:ft = d:c = c:d, prove that 

8. a : 6 + <i = c» : c*(f + (f8. 

9. a -I- 5(f : 2a - 3d = a» + 5ft» : 2a» - 36». 

10. (a* + 6' -h c*)(6* + c\ -f d*) = (a* + 6(j + edf. 

11. Find four proportionals the sum of whose squares is 680, the sum of 
the extremes being 23 and the sum of the means 13. 

58. Variation. If two variable quantities A and B depend upon 
each other in such a way that when A is changed in a certain ratio 
B is changed in the same ratio, B is said to vary directly as A . 
For example, a body moving at the uniform rate of 5 miles an hour 
will move 10 miles in 2 hours, 30 miles in 6 hours, etc., so that 
the distance varies as the time. Between the distance B reckoned 
in miles and the time A reckoned in hours, the following relation 
holds: B = 6A, In the general case, if B varies directly as A, 
then B = mA, where rn is some constant number. 

If B varies directly as the reciprocal (or inverse) of A, then B 

is said to vary inversely as -4, and B = -j, where c is some con- 
stant number. 

69. The Law of Boyle states that the volume of a given mass of 
any gas at a constant temperature varies inversely as the pressure. 
Thus if V is the volume when the pressure is F, the volume be- 
comes I^F when the pressure is 3P, the volume becomes wFwhen 

the pressure is -P. 
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The Law of Gray-Lussac and Charles states that, if the pressure 
be constant, the volume of a mass of gas varies directly as the tem- 
perature measured in degrees Centigrade * above — 273° C. A gas 
therefore expands by ^^ir ^^ i^ volume at 0° for every increase in 
temperature of 1** Centigrade. Thus 273 volumes of air at 0° 
become 273 -f ^ volumes at f Centigrade, and the latter become 
273 + T volumes at 1 °. 

From the preceding law and the Law of Boyle, we would expect 

that, when the pressure P and the temperature 7 (in degrees above 

T 
— 273° C.) both vary, the volume Fof the gas would vary as p. 

By actual experiment this statement is found to be true for mod- 
erate values of T and P. It may however be derived from the two 
laws stated by means of the following algebraic theorem : 

60, If A depends only on B and C, and if A varies as B when 
C is constant, and if A varies as C when B is constant^ then A will 
vary as the product BC when B and C change simultaneously. 

Let the quantities A, B, Chave initially the values a, ft, c and 
suppose that a change in B from b to /3 and a simultafieotis change 
in C from c to y together cause a change in A from a to a. We 
may, however, consider that the changes in B and C'take place 
successively. First, if C remains at the constant value c while B 
changes from b to /?, then A will change from a to some value a' 
intermediate to a and a. Applying the hypothesis for this case, 
we get 

a _^ b 

Next, let B remain at the constant value /^, which it just attained, 
while C now changes from c to y. Then A must complete its 



* The freezing-point of pure water is 32'' Fahrenheit or 0" Centigrade; the 
boiling-point of water is 212* Fahrenheit or 100° Centigrade. Hence 180 de- 
grees Fahr. = 100 degrees Cent. 
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change from the intermediate value a' to the final value ot. Ap- 
plying the hypothesis for such a change, we get 

a' _ c 
a y' 

Multiplying together the two equations, we get 

a _^ be 
a"" /Sy' 

Hence, if B and (7 change simultaneously, A varies as BC. 

Example.— Triangles with the same base are proportional to their alti- 
tudes, and triangles with the same altitude are proportional to their bases. 
Hence the areas of triangles vary as the products of their bases and altitudes. 

EXERCISES. 

• 

1. If X varies as y and if a; = 6 when y = 15, find x when y = 10. 

2. It X and y each vary as 2, then x -^ y and j/^y each vary as z. 

3. If y varies as a -f- 6, and a varies directly as x, and b varies inversely 
as x^y and if y = 19 when ar = 2 or 3, find y in terms of x. 

4. If X varies directly as y and inversely as 2, and if a? = 2 when y = 3 
and 2=4, find y when a; = 12 and 2 = 6. 

5. Wlien a body falls from rest its distance from the initial point varies 
as the square of the time it has been falling, and its velocity varies as the 
time. If a body falls 400 feet from rest in 5 seconds, how far does it fall in 
10 seconds? How far in the tenth second? If the velocity at the end of two 
seconds is 64, what is the velocity at the end of 5 seconds ? At the end of 10 
seconds ? 

6. An amount of gas measures 100 cubic feet at 0®; find its volume at 10° 
Centigrade, the pressure remaining constant. 

7. Given 500 cubic feet of air at 10° Centigrade, find its volume at — 10** 
C, the pressure being unchanged. 

8. If the temperature of a gas is raised from 0** to 30" Centigrade, and the 
pressure increased tenfold, what becomes of 500 cu. ft. of air ? 

9. What is the increase in pressure of the air in an air-tight room, when 
the temperature is raised from 0" to 40** Centigrade? 

10. Given that the area of a circle varies as the square of its radius, show 
that a circle of 5 inches radius equals the sum of two circles of radii 3 and 4 
inches. 



CHAPTER VL 

ARITHMETICAL, GEOMETRICAL, AND HARMONICAL 

PROGRESSIONS. 

61. A series of quantities is said to be in arithmetical progres- 
sion when the difference between any term (after the first) and the 
preceding term is the same throughout the series. 

The following series are examples of arithmetical progressions: 

2, 4, ,6, 8, . . ., 2n, . . . 

— 1, — 3, — 5, — 7, . . ., — (2w — 1), . . . 

a, a-^- d, a + 2d, a + 3d, . . ., a -{- {n — l)d, . . . 

In the first series the common difference is 2, in the second 
series it is — 2, in the third series it is d. The nth term in the 
first series is 2n, in the second series — {2n — 1), in the third series 
a + {n — l)d. In particular, for n = 4, the fourth terms in the 
respective series are 2-4 = 8, — (2-4 — 1) = — 7, a + (4 — l)d 
= a + 3rf. We may state the theorem : 

In an arithmetical progression with the first term a and the 
common difference d, the nth term is a -\- {n ^ \)d. 

62. When three quantities are in arithmetical progression, the 
middle one is called the arithmetical mean of the other two. 

But, if a, 5, c are in A. P.*, we have 

J — « = c — ft = common difference. 

* A. P. is an abbreviation for arithmetical progression. Similarly, 6. P. 
will be used as an abbreviation for geometrical progression, H. P. for har- 
monical progression. 

64 
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Hence b = ^{a + c), so that the arithmetical tnean of any two quan- 
tities is half their sum. It is their " average value." 

When any number of quantities are in arithmetical progression, 
the terms between the first and last are called arithmetical means 
between the first and last quantities. 

Thus 7, 10, 13, 16, 19 are in A. P. and 10, 13, 16 are the three 
arithmetical means between 7 and 19. 

63. Sum of any number of terms in arithmetical progression. 

Let S denote the sum of n terms in A. P. of which a is the first 
term, I the last (viz., the nth) term, and d the common difference. 
By § 61, / = a + (n - l)d. We have 

S = a+ {a + d) + {a + 2d) + . . . + {I - 2d) + {I - d) + I 

Writing the series in reverse order, we get 

S = I + {I -- d) + {I ''2d) + . . . + {a + 2d) + {a + d) + a. 

Adding the corresponding terms of the two series, we get 

2S={a + l) + {a + l) + {a + l) + . ..-\-{a+l)=n{a + I), 

there being n terms each (a + Z). Hence 

(1) 8 = in{a + I). 

Here \{a + 1) is the average of the first and last terms of the 
series, also the average of the second term and the term preceding 
the last, etc. If n is odd, there is a middle term, the \{n 4- l)8t 
term of the series, whose value is seen to be 

a+{\{n + \)-l\d = ^\a + a + {n^\)d]=^(a+l). 

Hence ^{a + I) is the average throughout the series. We derive a 

second proof that the sum of n terms is n "T • 

64. Example 1. Find the sum of 19 tenns of the A. P. 1, 5, 9, . . . 

The 19th term Ms 1 -j- (19 - 1)4 = 73. The required sum is 

1-4-73 
19 . \ = 19 . 37 - 703. 
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Example 8. The 11th term of an A. P. is 12, and the 19th term is 36; find 
the 40th teroL 

The conditions gire 

a + l(kl = 12, a + 18d = 36. 

Hence 8tf = 24, 4 = 8, whence a = - 18. Then the 40th term is 

a<}-39<i=-18 + 39-3 = 99. 

Example 3. Insert six arithmetical means between 8 and 29. 

We are to construct an A. P. of 8 terms sach that the first term a is 8 and 
the eighth term a -{-Id is 29. Hence Id =21, d = 3. The required means 
are therefore a -{- d = 11, a -\- 2d = 14, 17, ^, 23, 26. 

Example 4. How many terms of the A. P. 48, 40, 32, . . . must be taken 
so that the sum may be 144? 

Let the number of terms be n. Since the common difference is — 8, the 
nth term is{E48 — 8<» — 1). Hence 

144 = 8 = ln(a -f = lnj96 - 8(» - 1)}. 
Hence 144 = n<52 - 4»), so that 

n« — 13» + 86 = (n - 4)(» - 9) = 0. 

For n = 9, we get the A. P. 48, 40, 32. 24, 16, 8, 0, - 8, - 16, whose sum is 
144. Since the hut five terms have the sum zero, n = 4 is a suitable value. 

EXERCISES. 

1. Find the 13th and 41st terms of the series 6, 12, 18, . . . 

2. Find the 20th and 40th terms of the series — 5, — 3, — 1, . . . 

5. Find the 10th and 60th terms of the series 1, 6, 11, . . . 

Find the sum of the following series : 
4. 5, 11, 17, ... to 30 terms. 5. 12, 9, 6, ... to 21 terms. 

6. 2^, 4, 5|, . . . to 37 terms. 7. a, 3a. 5a, ... to a terms. 
8. a, 0, — a, ... to 4a terms. 9. 13, 9, 5, ... to 100 terms. 

Find the common difference and the number of terms in the A. P. : 

10. The first term is 6, the last term 180, the sum 2790. 

11. The sum is 72, the first term 27, the last term — 18. 

12. The last term is — 32, the sum — 266, the first term ~ 6. 
18. The first term is a, the last term 13a, the sum 49a. 

Find the A. P. in which 
14. The 7th term is 1 and the 31st term is — 77. 
16. The 12th term is 214 and the 41st term is 739. 

16. The 54th term is — 125 and the 4th term is zero. 

How many terms must be taken of 

17. The series 15, 12, 9, ... to make the sum 45? 

18. The series 42, 39, 36, . . . to make the sum 315? 
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19. The series 16, 15, 14, . . . to make the sum 100? 

20. The series - lOJ, - 9, - 7i to make the sum - 42? 

21. Insert 7 arithmetical means between 269 and 295. 

22. Insert 15 arithmetical means between 23 and 71. 

23. Insert 8 arithmetical means between — 80 and — 50. 

24. Insert 10 arithmetical means between ftc - 5y and 6y — &r. 

26. Find 5 numbers in A. P. whose sum is 80 and the sum of whose 
squares is 1640. 

26. Find three numbers in A. P. whose sum is 39 and product 2184. 

27. The sum of the first n odd numbers is n*. 

28. Find the sum of all the odd numbers between 200 and 400. 

65. A series of quantities is said to be iii geometrical progres- 
sion when the ratio of any term (after the first) to the preceding 
term is the same throughout the series. 

The following series are examples of geometrical progressions: 

"> ^ ^ *■ 9 \ 9 • • • J \'g") ? (iT/ * • • • 

a, ar, ar^y ar^, . . ., ar^~^, ar^ , ... 

In the first series the common ratio is 2, in the second series it 
is ^9 in the third series it is r. The nth term in the first series is 
2*~S in the second series 9(^)*-*, in the third series ar"~^ In 
particular, for w = 4, the fourth terms in the respective series are 
2' = 8, 9(^)^ = ^, ar"^. We may state the theorem: 

In a geometrical progression with the first term a and the com- 
mon ratio r, the nth term is ar"~^ 

66. When three quantities are in geometrical progression, the 
middle one is called the geometrical mean of the other two. 

But, if fl, b, c are in G.P., we have 

be .. 

— = -r = common ratio. 
a 

Hence 5* = ak:, so that the geometrical mean of any two quantities 
is the square root of their product. It follows from § 57 that the 
geometrical mean of a and c is the mean proportional between 
a and c. 
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When any number of quantities are in geometrical progression, 
the terms between the first and last are called geometrical means 
between the first and hist quantities. 

Thus 2, 10, 50, 250, 1250 are in G. P., and 10, 50, 250 are the 
three geometrical means between 2 and 1250. 

67. Theorem. Tlie sum of n terms of a geometrical jprogression 
whose first term is a and commx)n ratio r is 

Since the nth term is ar"~*, we have 
8n = a + ar+af^+ . , . +af^-^= a(l + r + r^H- . . . + r*-*). 

But formula (1) of § 28 gives 

r~ — 1 1 — r~ 



l + r+r^+. . .+r»-^ = 



r — 1 1 — r* 



68. As an example, the sum of 20 terms of the geometrical 
progression 1, ^, ^, . . . is 

The sum of 50 terms is 2 - {^y\ the sum of 100 terms is 2 — (^)^. 
It appears that the sum of n terms Sn is less than 2, but differs, from 
2 by an amount which decreases as n increases. In fact, S^^ , S^ , 
S,^ differ from 2 by {^y^ (|)« (|)^, respectively. By taking n 
sufficiently large, S^ will differ from 2 by as little as we please. In 
fact, for each increase of n by unity, the difference in question is 
divided by 2. The statement is made more evident by observing 
that (I)* = iV < tV» so that 



( 



lY^ 1 

- 1 < :r7y;i =. 00 ... 01 (m — 1 zeros before 1). 



Hence (^)*"* may be made as small as we please by taking m large 
enough. We have established the following theorem: 
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By taking a sufficiently large number of terms, the sum 

(3) l + i + i + i + ... 

can be made to differ from 2 by as little as we please. 
The theorem may be illustraCted by the diagram : 

( i 1 >^ I ^  >< 



A line two inches long is divided into two equal parts; the second 
part is subdivided into two parts each ^ inch long; the second sub- 
part is divided into two parts each ^ inch long, etc. Taking the 
first of each pair of parts and forming the sum, we get the expres- 
sion (3). After any number of steps, the sum is less than the 
length 2 inches of the whole line; but the difference from 2 inches, 
being the last piece of the line, tends towards zero as the operation 
is continued. 

69. For the general series a, ar^, ar^, . . ., the sum 8^ differs 

a ar^ 

from by the quantity ^ , If r is a proper fraction, 

whether positive or negative, the numerical value of r" decreases as 
n increases and may be made to approach zero as near as we please 
by sufficiently increasing the value of n. We will denote by S^ 
the limit of the sum S^ of n terms when n increases without bound, 
and speak of the result as the sum to infinity. Hence, in a geo- 
metrical progression with the first term a and common ratio r ^lu- 
merically < 1, the sum to infinity is 

(4) S^= ^ 



1-/ 

Notice that, in a geometrical progression with r > 1, the result 
(4) no longer holds. For example, if a = 1, r = 2, the sum 

l-f2 + 4 + 8 + lG + ... + T-^ 

increases without bound when the number of terms 7i increases, 

whereas has the value — 1. 

I — r 
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Example 1. Find the geometrical progression whose second term is — 6 
and whose sum to infinity is 8. 

Let a be the first term and r the common ratio. Then 

flr = - 6, q-^ = 8. 
1 - r 

By division, r(l - r) = - -|. 

o 

Solving this quadratic equation, r = — ^ or + |. The value r = j is 
impossible, since 5,, would then exceed 8. Hence r = — |, so that the 
series is 12, — 6, 3, . . . 

Example 2. Find the value of the recurring declniHl 

.6 23 E. 6 23 23 23. . . 

Aside from .6, it may be regarded as a Q. P. with the ratio (^Yi 

_623 2323 

10 "^ 10» "^ 10» "^ 10^ "!" • • 



" 10 "*" 10»\ ■*■ 10* "^ 10* "^ • ' 7 

6 23 / 1 \ ^ 23 100 
^ 10 "^ 10»l , 1 I ■" 10 "^ 10» • 99 



■(■ 4) 



10 "^ 990 "" 990* 

EXERCISES. 

1 Sum 12 -f 18 -f 27 4- ... to 8 terms, also to n terms. 

2. Sum 36 — 12 -f 4 — ... to 7 terms, also to n terms. 

3. Sum 3 — 2 + | — ...ton terms also to infinity. 

4. Sum .5 + .15 + .045 + . . . to » terms, also to infinity. 
6. Evaluate .023 ; 1.466; .142867; .052. 

6. Find the G. P. with 2d term - 4 and sum to infinity 9. 

7. Find three numbers in G. P. such that their sum is 62, and the sum of 
their squares is 2604 

8. If an odd number of quantities are iu G. P., show that the first, the 
middle, and the last of them are also in G. P. 

9. Insert between 4 and 18 two numbers such that the first three shall be 
in A. P. and the last three in G. P. 
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10. Find three numbers in G. P. whose product is 1728 and the sum of 
whose products by twos is 624. 

11. Insert four geometrical means between 5 and 160 ; between i and 27. 

12. Find a G. P. with 81 as the 5th term and 24 as the 2d term. 

18. Find a G. P. the sum of whose first and second terms is 5 and such 
that every term is 3 times the sum to infinity of all the terms that follow it. 

14. Sum to n terms x -\- a, a^ -{- 2a, ar* -|- 3a, . . . 

15. Sum to 2» terms a -f- 3, 3« — 6, 5« -f 12, . . . 

16. Find the ratio of two numbers whose arithmetical mean is double the 
geometrical mean. 

17. Find a, b, c, given that their sum is 70, that a, 6, c are in G. P., and 
that 4a, 55, 4c are in A. P. 

18. Explain the paradox of the race between the hare and the tortoise. 
The latter travels at the rate of 1 mile an hour and the former travels 2 miles 
an hour. The tortoise has a start of one hour. While the hare is covering 
the distance the tortoise travelled during the preceding period, the tortoise 
moves ahead a new distance, etc. Does the hare overtake the tortoise ? 

70. Several quantities are said to be in harmonical progres- 
sion when their reciprocals are in arithmetical progression. Of 
three quantities in H. P., the middle one is called the harmonical 
mean of the other two. 

If a, J, c are in H. P., then -, -, - are in A. P., whence 

a c 

b a~ c b ' b~ a c* 
Hence the harmonical mean b oi a and c is 

2ac 



b = 



a -\- c 



To insert n harmonical means between a and c, we construct 
the II. P. of w -}- 2 terms of which a is the first and c the last 
term. For example, to insert 4 harmonical means between 1 and 
i, we observe that 1, 2, 3, 4, 5, 6 are in A. P. and therefore that 
^» h h h h \ are in H. P. 
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EXERCISES. 

1* TliP geometrical mean of any two quantities is also the geometrical 
mean between their aritlimetical and harmonica! means. 

8. The conditionu that a, b, e may be in A. P., G. P., or H. P. are 

a — b : b — c :: a : a, 

a — b : b — e :: a : b, 

a ^ b : b — e :: a : c, respectively. 

8. If a, b, e are in G. P., then a -|- 6, 26, b -\- e are in H. P. 

4. If a, b, e are in H. P., then a, a — Cy a ^ b are in H. P. 

5. If aj*, y*, a* are in A. P., then y + «, b + x, x -\- jf are in H. P, 

6. If a, b, c are in H. P., then 2a — b, b, 2c — 6 are in G P. 

7. If a, ft, c are in A. P. and 6, c, tf are in H. P., then a:b = e:d 

8. If three distinct numbers a, ft, c are in A. P., while a*, ft^ c* are in H P., 

then — ^, ft, c are in G. P. 

9. Insert four harmonical means between { and ^^ ; between 2 and ^ 



CHAPTER VII. 
COMPOUND INTEREST AND ANNUITIES. 

71. Problem : To find the amount ^ of a given sum or principal 
P at compound interest for n years at the rate of r per cent a year. 

Since the interest on P for one year is Pr, the amount of 
both principal and interest at the end of the first year will be 
P + Pr = P(l + r). At the end of the second year, the amount 
will be {P(l + r) } (1 + r) = P(l + rf. At the end of the third 
year, the amount will be P(l + r)'*, etc. Hence at the end of n 
years, the amount will be 

^ = P(l + r)". 

If the interest be compounded semi-annually, the amount at the 
end of n years is found, by a similar argument, to be 

K the interest be compounded quarterly, the amount will be 

Example. Find the amount of $1000 in 20 years at compound interest at 
6 per cent a year, payable semi-annually. 

Since P = 1000, » = 20, r - .06, the amount is A^ - 1000(1.03)«>. 
By the four-place logarithmic table, pp. 24. 25, we have 

log 1.03 = 0.0128. 

.-. log A^ = log 1000 + 40 log 1.03 = 3.5120. 

.-.^, = 3251. 

73 
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the last figure being whoUj unreliable. With a seven-place table, 

log 1.03 = 0.0128372, 
and log A^ = 3.5134880, whence A^ - 32^.03. 

72. Problem : To find the present value P of a sum A which is 
to be paid at the end of n years, allowing compound interest at r 
per cent. 

The amount of P at the end of n years must equal A, Hence 

P = u4(l + r)-». 

78. A fixed sum of money paid annually is called an annuity. 
The subject finds immediate application in Insurance. The sim- 
plest problem in annuities is the following : 

To find the amount A of an annuity a allowed to accumulate 
for n years at compound interest at r per cent. 

The first annual installment a is due at the end of the first year 
and hence draws interest for ?2 — 1 years ; its amount will be 
a{\ +r)"~'. The second annual installment a will amount to 
a(l + ^)"~*> etc. The last installment a draws no interest. Hence 
the iimount of the n installments will be 

^ = a + a (1 + r) + a(l + r)2 + . . . + a(l + r)''-2+ a(l + rT'^ 



= »i^;iif^!=Ha + '.-|. 



by the formula for the sum of geometrical progression of ratio 
l + r. 

74. Problem: To find the present value of an annuity a to 
continue n years, allowing compound interest at r per cent. 

By § 72, the present value of a due one year hence is a(l-|-r)~^; 
the present value of a due two years hence is a(l + r) ~^; . . . ; the 
present value of a due n years hence is a(l + r)"**. The total 
present value is 

a(l + r)-^ + a(l+r)-2+ . . . + a(l + r) 



— n 



= .a+')-rr^{l^!=r|>-<^ + '>-i 
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Since the ratio (1 + ^)~^ is less than unity, the geometrical 
progression may be summed to infinity, giving - . Hence the 

present value of a perpetuity (perpetual annuity) a is — , the rate 

r 

of compound interest being r. Thus a perpetuity of $100 has the 

present value -^ = 2500 dollars, if compound interest is reckoned 

at 4 per cent. 

EXERCISES. 

[The calculation of (1 + tY for r small and n large by means of our four- 
place table of logarithms is not very accurate. By a six-place table, 

log 1.03 = .008600, log 1.03 = .013837, log 1.04 = .017033, 
log 1.05 = .031189, log 1.06 = .035306, log 1.035 = .010734.] 

1. Find the amount of $1000 in 30 years at 6 per cent compound interest, 
the interest being paid annually. 

2. What sum of money will amount to |900 in 7^ years at 4 per cent com- 
pound interest, interest being compounded semi-annually? 

3. What is the present worth of $5000 due in 10 years, allowing compound 
interest at 5 per cent paid semi-annually ? 

4. In how many years will a sum of money double itself at 5 per cent 
compound interest, due annually ? 

6. Find the amount of an annuity of $1000 in 30 years, allowing com- 
pound interest at 3 per cent per annum. 

6. What is the present value of an annuity of $500 for 30 years, allowing 
interest at 5 per cent compounded semi-annually ? 

7. A person borrows $10000 at 5 per cent compound interest. How much 
< must he pay in annual installments in order that the whole debt may be paid 

in 15 years ? 

-8. What should I pay for a perpetuity of $500 to begin 10 years kence, if 
compound interest is reckoned at 3 per cent ? 



CHAPTER Vm. 
UNDETERMINED COEFFICIENTS; PARTIAL FRACTIONS. 

75. A variable quantity is one which may assume different 
values (usually an unlimited number of values) in the same investi- 
gation. A constant quantity is one which retains the same value 
throughout the discussion. 

Thus in a given geometrical progression whose first term is a 
and common ratio is r, the nth term ^^ is ar^~^. We consider a and 
r to be constants, while n is a variable ; by giving to n the values 
1, 2, 3 4, . . . , in succession, we obtain for t^ the values a, ar, ar^, 
ar^, . . . , respectively. 

The area of a circle of radius R is zri?. To obtain different 
circles wo let R vary ; but ;r is a constant number. 

A variable y is called a function of a variable x if to every value 
that may be assigned to x there corresponds a definite value of y. 
It sometimes happens that certain isolated values may not be as- 
signed to X, since y then ceases to have a definite value (see § 100). 

In the preceding examples, t^ = ar*~Ms a function of n, the 
area ttR^ of the circle is a function of the radius R, Similarly 
ic*, 3x -{- 7, yx, log x are functions of x. 

It is often convenient to employ symbols which emphasize the 
functional dependence. Thus, for a and r constant and n variable, 
we used i^ to denote the function ar^ ~ ^ of n. Likewise, >^/J and 

log X are functional symbols. 

76 
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76, By formulae (8) aud (9) of § 31, we have the identity 

(1) ax^ -\-hx -\- c^ a(x — a){x — /?), 

if a and ft denote the roots of the equation ax^ + da; + c = 0. 
To generalize this result, consider the expression 

E^ = ax"" + ba^--^ + cx^-^ + . . . + fe + Z, 

called a rational integral function of x of degree n. If the ex- 
pression E^ vanishes when a is substituted for Xy then, by the 
factor theorem, a; — or is a factor of E^. The first term of the 
quotient Q obtained upon dividing jE'^j by a; — a is clearly ax^~^. 

Hence 

E,= {x- a)Q, Q = ax^-'+... 

Similarly, if Q vanishes when /3 is written for x, then 

Q={x-/3)Q\ Q' = aa^-'+... 

Hence E^= {x- a){x - /3)Q', 

so that Ex vanishes when /3 is substituted for x. If* there be n 
distinct values «,/?,..., r of a; for which E^ vanishes, a continua- 
tion of the preceding argument shows that E^ has the n factors 
X — a^ X — /3, , , , , x — V and a final numerical factor a, so that 

(2) E^ = a{x — a){x — ft) , . . (x — v). 

Then a, ft, , , . , v are roots of the equation E^ = 0. 

77. Theorem. A rational integral fu7iction of the nth degree in 
X cannot vanish for more than n values of x, unless the coefficients 
of all the powers of x are zero. 

Suppose that the function E^ vanishes iov n -\-l distinct values 
\ and a, ft . , . y V of X. Then E^ must have the form (2), and 
must moreover vanish for x = X. Hence 

a{X - a){X - ft) , , , (X^ r)=0. 

* The question of the existence of such values a, /3, . . . , is considered in 
Chapter XIX. 
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Since the differences A — a, . . . , A. — r all differ from zero, a 
must be zero. Hence E^ reduces to hs^ ~ ^ + ca^ ~ ' + . . . Since 
this function of degree « — 1 vanishes for more than n — 1 values, 
h must be zero. Similarly, c = 0, . . . , X: = 0, Z = 0. 
Another statement of the theorem is the following : 
An equation of degree n cannot have more thaii n roots unless 
all the coefficients are zero, 

78. Suppose that the two functions of degree n 

are equal in value for more than n values of x. Then 

vanishes for more than n values of x. By the previous theorem, 
the coefficients of all the powers of x must be zero, whence 

Po = Qoy Pl = 9l^ ' ' y Pn-1 = gn-l, Pn = 5'n- 

If two rational integral functions of the nth degree in x he equal 
in value for more than n values of x, the coefficients of like powers 
of X are equal. 

In particular, if two rational integral functions of x each of 
finite degree are equal in value for all values of x, the coefficients 
of like powers of x may be equated to each other. 

79. To illustrate the application of the preceding theorems to 
problems on integral functions, we consider certain examples. 

Example 1. Find the conditions on a, b, c, d in order that aar* + bjt^ 
-f caj 4- d may be a perfect cube for all values of x. 

It must be the cube of an expression Ix -\- moi the first degree, in which 
I and m are, as yet, undetermined coefficiente. Set * 

aa^ + bx^-\-eX'{-d = {lx-\-mf = Px^-\- SPmx^ + Hlm^x + mK 

Since the first and third expressions are equal for all values of x, 

a = 1^, 6 = SPm, e = dlm\ d = m^. 

Hence f = a*, w» = d^. The second and third conditions then give 

b = ^^\ c = 3a*d5. 



* The symbol = is employed in identities. Here the relation is an identity 
in X. 
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Inversely, if b and c have these values, then 

aa? -{- bx^ -{- ex -\- d = {a^x + d^)^. 

Example 2. Determine the value of A; so that a?* -j- 4a^ + 3aj + * shall 
be divisible hy (c^ -\- x -\- 1. 

The quotient must have the form x^ '\- kx -^ k. Set 

aj* + 4ic2 + 3a; + A; = (a?^ + aj-|- l)(ar^ + Aoj + A;). 

Expanding the right member and equating coefficients of like povjrers of x 
in tlie two expressions, we have the conditions 

= A + 1, 4 = A: + A4-1, 3 = A4-A;, 

'wMch are all satisfied if A = — 1, A; = 4. 

Example 3. Find the sum of the squares of the first n integers. 
Since the sum depends upon n, we assume that 

12 4- 2* + . . . + (71 - 1)2 4- n2 = a + &» + c»2 4- d/i» + «n* +/71* + . . ., 

where a, 6, c, <?,«,/,... are undetermined coefficients, each independent of n. 
Changing n into n + 1, we get 

12+22+ . . . +n2+(/i+l)2 = a+6(n+l)+c(7i+l)2+<f(7i+l)»-h6(»+l)* + . . . 

Subtracting the previous identity, we get 

n^ + 2n + \^b-\-2.cn-^c + Mn^-\-Mn-\-d+^7v^-\-^n'-\-Am-\-6-\-' . . . 

Since this equation holds for every value of w, the coefficients of like powers 
of n may be equated. Hence = and /, and all succeeding coefficients, 
must be zero. Also, 

3<f = 1, 3(? + 2<j = 2, <f + c + 6 = 1, 

whence d = \, <? = !» ^ = i- Hence 

12 + 22 -f . . . + (71, - 1)2 + w2 E a + in + i»2 _^ i7i». 
If n = 1, there is a single term 1 in the series, so that 

l = a + J + i + i, or a = 0. 
Hence 1* + 2* + . . . + 712 = Jr^n + l)(27i + 1). 

EXERCISES. 

1. When is a^it^ -{-ba?-\-cx^-\-dx-\-p2k perfect square? 

2. Find the condition that aj^ — ^px + 2q may have a factor of the form 
(x - c)\ 

3. Find k so that there are solutions x, y, z not all zero of 

X -\- y — z = Oy 2a; — y + 32 = 0, x -\- ky -\- z = {i, 

4. If aa^ -\- ba^ -\- ex -\- d 19, divisible by ar* + h^, then ad — be. 

Using undetermined coefficients, establish the sums 

5. 1 + 2-1-3 + .. .4-^ = h>{n + 1). 

6. 12 + 32 -f- 52 + ... 4- (2?i - 1)2 = 171(47*2 - 1). 
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7. 1^ -f 2» 4- 3=» + . . . -f »' = W(n + 1)^ 

8. 1» + 3^ + 5» + . . . + (2» - 1)» =r »*(2n« - 1). 

9. 1* 4-2* -f 3* + ...+»* = Aw(n + 1K2» -f l)(3n« -f 3» - 1). 

10. 1-2 4- 2-8 -f 3-4 + ...+ n(n H- 1) = in(» -f l)(n + 2). 

11. 1 .2-3 -f 2.3.4 4 3.4.5 -h . . . 4- »(ii + IXn +2) = in(»+l)(w-|-2)(//4-3). 

12. The sum of the cubes of the first n integers equals the square of their 
sum. 

PABTIAL PBACTI0H8. 

80. It is desirable to be able to express a complex fraction as the 
sum of simpler fractions, called partial fractions. Thus 

4 — 5a: _ 1 ^ 



1 - 3a; + 2a;2 1 - a; ^ 1 - 2a;* 

To expand the complex fraction in the left member into a series of 
ascending powers of x, we may expand the partial fractions ou the 
right and add the resulting series. Indeed, by the theory of geo- 
metrical progressions, if r be numerically less than unity, the fol- 
lowing expansion holds: 



1-r 

Hence, if 2a; is numerically less than unity, 

1 



1-a; 

3 
l-2a; 



= l-|-a;4-a;^ + --- +a;" + ---> 



= 3(1 + 2a; + 4ar» -f . . . + 2"a;« + ...), 



4- — t^or 
l_3:,4,2a;^ = 4 + 7a; + 13a;2 ^. . . . + (3.2» + i)a:« + . . . 

81. To explain the general method employed to decompose into 
partial fractions a given complex fraction whose denominator is of 
higher degree in x than the numerator, consider the fraction in the 

left member of (3). We observe that the fractions and 

X — ~" X 



Skc. 82] COLLEGE ALGEBRA. Si 

—y when reduced to the denominator (1 — x){l — 2a;), will 

contribute to the formation of a complex fraction with the given 
denominator and with a numerator of the first degree, while no new 
fraction with a denominator of the first degree will have this prop- 
erty. Hence if our aim is to be attained, the decomposition must 
be of the form 

4 — 5a: _ ^ , ^ 
1 - 3a; + 2a:2 "" iT^ "'' 1 - 2a;' 

in which the undetermined coefficients a and h are to be determined. 
If this be possible, we shall have 

4 - 5a; = a(l - 2a;) + b{l - x) = a + h - x{2a + h). 

In view of its origin, this relation is to be true for all values of x 
except 1 and ^. Then, by § 78, the relation must be true for all 
values of a;, and the constant terms as well as the coefficients of x 
may be equated. Hence 

a + J = 4, 2a + 2» = 5. 

Hence a = 1, J = 3, giving the true result (3). 

82. As a second example, we decompose into partial fractions 

4ar> + 3a; - 1 
(a;-l)''^(a; + 2)* 

It is clear that fractions with the denominators a; + 2, a; — • l,(a; — 1)^ 
and with constants for numerators may contribute to tlie formation 
of a fraction with the denominator (x + 2) (a; — 1)^ and with a 
numerator of degree at most two. There is nothing gained by 
employing also fractions of the forms 

mx -\- n rx-\- s 

(a;+2)(a;-l)' C^^^^^ ' 

since they are themselves expressible as sums of partial fractions, 

\{m + n) \{%m — n) r , 5 + r 
n ^ I o — » ~ '^'T 



x-\ ' a; + 2 ' a;-!' {x-\f' 
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respectively. Moreover, -r^ cannot be expressed as the sum 

of fractions with denominators of the first degree. The decomposi- 
tion will therefore give partial fractions of simpler form than the 
given fraction only when 

4ar» + 3a;--l a . h . c 

+ Z T + 



for suitable values of the undetermined coefficients a, b, c. Then 
(4) 4a:* + 3x - 1 = «(« - l)^ + b{z - l)(a; + 2) + c{x + 2). 

Equating the coefficients of a^, of Xy and the constant terms, we get 
a + J = 4, — 2a + ^»+c=3, a — 2b+2c=-'l. 

Solving by determinants or otherwise, we get a = 1, ^ = 3, c = 2. 

A simpler method of determining a, b, c is to substitute special 
values for x in (4). We observe that, in view of § 78, relation (4) 
is an identity and is therefore true for the values a; = 1, — 2, etc. 
For X = 1, we get 6 = 3c ; for a; = — 2, 9 = 9a ; for a; = 0, 
— l = a — 2b + 2c. Hence c = 2, a = 1, J = 3. 

83. The presence of imaginary numbers offers no difficulty. To 
decompose the following fraction, we set 

42 — 19a; « i * ^ 

H : — / — - + 



{x - 4)(a;2 + 1) a;-4 a: + 4/-la;-|/-l* 



.-. 42-19a; = a(r*+l)+J(a;-4)(a:-4/-T)+c(a;-4)(a;+4/-l). 

Equating coefficients, we obtain the values of a, b, c given below. 
With the explanation made at the end of § 82, we may simplify the 
work. For a; = 4, we get — 34 = 17a, whence a = — 2. For 

a; = |/ — 1, we get 



42— 19|/ - I ^ r(|/ - 1 - 4)(2i/ - 1), €=1 + VV' - 1. 
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For a; = — |/ — 1, we get ^ = 1 — y.y _ i. Hence 



42 - 19a; _ - 2 l-VV- l 1 + VV 



(x-A:){x^ + l) a;-4 x + ^-l x - ^Z - I ' 

The second and third partial fractions are conjugates, since one 

is derived from the other by replacing >/ — 1 by — 4/ — 1. Hence 

2a; — 11 
their sum must be real (8 4). In fact, their sum is ^ „ . , . 

We might have avoided the introduction of imaginaries by setting 

42 - 19a; a , ex+f 



{x - 4)(a;2 + 1) x-4:^ x^+r 
.-. 42 - 19a; = a{x^ + 1) + (ea; +/)(a; - 4). 

Observing that this relation is an identity by § 78, we may set 
X = 4:, whence a = — 2. Equating the coefficients of x^ and of x, 
we get 

6 = 2, — 19 = — 4e +/, whence/ = — 11. 

84. If the degree of the numerator of the given fraction equals 
or exceeds the degree of the denominator, we first divide the nu- 
merator by the denominator and obtain a remainder of degree less 
than the degree of the denominator. For example, 

12^_+10^^-^_ 16a; - 8 

3a;2 _ 2a; - 1 ~ + "^ Sar^ - 2a; - 1 * 

Proceeding as usual, the second fraction may be decomposed into 

10a: 2 



3a; + 1 ' a;-l 
The division mentioned may be avoided by assuming that 

12a;3 _|_ loar^ - 14 b , c 

= 4a; + a + - — r—- + 



3ar^ - 2a; - 1 ^ ^ 3a; + 1 ' a; — 1' 

and determining a, b, c by the usual method. 
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EXERCISES. 
Resolve into partial fractions: 

a^ - I- a^a; - If 

a!»-f 15aj+8 a;' + 8a? 

*• (a: - 5)(a; -f D'* (a? i- 5)(a^' + l)* 

a?^ ~ 3a; -f 6 1 + 5a? ^ 

'• aj» - 3a; -h 2' ■* i _ a^^' 

^" a:^ -t- 1 * (a; - 1)' ' " («» - IXa? + If 

13. Expand into series the fractions of Exs. 1, 8, 6, 7, 9. 



1 - 5a; + 6aj2" 


5ai2 _ a; + 2 


iX^^X ' 


2a;»-2 


a;»-f 1* 


5aj» 4- 6ar» 4- 5a? 



CHAPTER IX. 

PERMUTATIONS AND COMBINATIONS; BINOMIAL AND MULTI- 
NOMIAL THEOREMS FOR POSITIVE INTEGRAL INDEX. 

85. Three letters a, by c may be arranged in six ways 
abc, ach, hac^ hca, cah^ cba. 

While there are only three groups (or selections) each of two letters 
chosen from three letters «, h, c, viz., ab^ ac, hc^ we obtain six 
arrangements of three letters two at a time, namely, 

ah, ha, acy ca, he, ch. 

Definitions. Each of the arrangements which can be made 
with r things chosen from n things is called a permutation of the n 
things r at a time. Each of the groVips (selections) which can be 
made by selecting r things from n things is called a combination 
of the n things r at a time. 

Thus there are six permutations of a, h, c two at a time : 

ah, ha, ac, ca, he, ch. 

There are three combinations of a, h, c two at a time : ah, ac, he. 

In a combination, the order in which the letters are written is 
indifferent; in a permutation, the order is essential. Thus the 
pairs ah and ha give the same combination, but give distinct per- 
mutations. 

85 
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86. The number of permutations of n different things r at a 
time is 7i{n — l)(n — 2) . . . (n — r + 1).* 

We are to find the number of ways in which we can fill r places 
when we have n different things at our disposal. 

For the first place we may take any one of the n things ; for the 
second place any one of the remaining n — 1 things; for the third 
place any one of the now remaining 7i — 2 things, etc. Hence the 
r places may be filled in n{n — l){n — 2) . . . (w — r + 1) ways, 
since the rth factor is w — (r — 1). 

Corollary. The number of permutations of 7i different things 

taken all at a time is M(n — l)(n — 2) . . . 3-2'l. This product 

of all the natural numbers up to and including 7i will be denoted 

by the symbol 7i\ which is read **n factorial." f 

For example, there are 3 ! = 6 permutations of a, b, c three at 
a time (given in § 85) and 3 • 2 = 6 permutations of «, b, c two at 

a time (given in § 85). 

87. We notice that each of the three combinations ab, aCy be of 
the letters a, d, c taken two at a time furnishes exactly two permu- 
tations of a, by c two at a time; thus the combination ab furnishes 
the two permutations ab and ba. Moreover, the six resulting per- 
mutations give all the permutations of «, by c two at a time. Simi- 
lar remarks hold true in the general case next considered. 

Let „(7r denote the number of combinations of n different things 
r at a time. Let „P^ denote the number of permutations of n 
different things r at a time. We have shown that 

„P, = n{n - l){n - 2) . . . {n - r + 1). 

Each one of the „C^ combinations consists of a set of r different 
things, which may therefore be arranged or permuted in exactly 
rPr = r\ distinct ways. Every such arrangement is a permutation 
of the n things taken r at a time. By starting with a suitable 



* The number is zero if r > n. The product then has a factor n — 7i = 0. 
f The symbol I n is also used. 
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combination of r of the things and arranging them in a suitable 
way, we may reach any given permutation of the n things r at a 
time. Hence 

C; X r! = „P^ = w(?i — 1) . . . (w — r + 1). 



n^r 



. n(n-l)(n-2)...(i^~r + l) 

• • " *•"■ 1.2.3 . . . r 

Upon multiplying the numerator and the denominator by 
(w— r)(n — r — 1) . . . 3 • 2 • 1 = (w — r) ! , we get * 

G.= "' 



n^r 



r\ {n — r)V 



88. The number of combinations of n different things r at a time 
equals the number of combinations of n things n — r at a time. 

When a set of r things is selected from n things, there is left a 
set oi n — r things. Moreover, any given set oin — r things may 
be left (negative selection) by making a suitable selection of r 

things. Hence n^r=^ nOn-r- 

The proposition also follows from the formula for ^Cj^. Thus 



n\ n\ 



•*^"-'* ~ (?j - r)\ [w - (w - r)]! ^ {n- r)\ $t\ "" ~^'- 

T 
89. Theorem. For positive integers n and r^ 

The combinations of w + 1 different letters «!,«,, . . . , «„, 
^n + 1 ^ ^^^ ^ *^°^® ^*y ^® separated into two sets, according as the 
combination contains the last latter a„ + 1 or does not. If the last 
letter be taken, there remain only r — 1 letters to be selected from 

n\ 
♦For r = n, the first result gives „(7„ = — - = 1, while the second gives 

ni 

nCn — -r^. The second formula therefore holds for r = w only when we 

adopt the notation 0! E 1, Similarly, the result in §88 holds f or r = n only 
when we put nQ, = 1. 



'1^ 



.c. 








A 


A. 






A. 


A. 


A. 




/; 


A, 


,0, 


A^ 


A. 


A. 


A, 


A. 



4^4 
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the n letters «,,«,,..., ^J^in which can be done in n^r-i ways. 
If the last letter be not taken, we must select r letters from the n 
letters a, , a,, . . ., a,,, which can be done in „C^ ways. The sum 
of the two numbers n^r-i and „(7^ must equal n + iC'r- 

The formula remains true for r = 1, if we take ^C^ = 1, there 
being one way of selecting no objects from n objects. 

An interesting application is the construction of Pascal's 
Triangle : 

1 
1 1 

12 1 

13 3 1 
C, 14 6 4 1 

The above formula now shows that any number n-^-i^r equals the 
sum of the number „6V just above it and the number n^r-i to the 
left of ^Cr. For example, ^(7, = ,(7, + ^C^, or 6 = 3 + 3. The 
numbers in the next row of the table on the right would there- 
fore be 

1 6 10 10 5 1. 

It appears that the numbers in the wth row of the table are 
the binomial coefficients in the expansion of (1 + xY [§ 91]. 

90. We proceed to determine the number of permutations of n 
things taken all at a time, when the things are not all different. 
There are only three permutations of a, a, h taken three at a time, 
namely, ciah, aha, baa. If we replace the two «'s by two distinct 
letters a^ and a^ , the first permutation adb will furnish two permu- 
tations a^ajb and afi^h. In this way, we reach the 3-2 = 6 permu- 
tations of flj , a, , S. 

In general, let there be n letters, p of which are a's, q of which 
{ire V^, and r of which are c's, so that n—p-\-q-\-r. Pet P 
denote the required number of permutations of these n letters n at 
H time. Consider any one of the permutations as 

aa . . . abb . . . bcc . . . c. 
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If we replace the p letters a by jo distinct letters a^ , a, , . . . , Op, 
we may derive from the given permutation^! permutations 

a^a, . . . ajb , . ,hc , , . Cy afi^ . . . ajb , . » be . . , c, etc. 

Hence from the F permutations of the a's, b% c% we derive P .pi 
permutations of a^, fl,, . . . , Op, 5, . . . , ^, c, . . . , c. Similarly, if 
in one of the new permutations we replace the q letters bhj q dis- 
tinct letters Jj , J, , . . . , J^, we may obtain exactly q ! permutations 

a^a^ . . . dpbjf^ . . . b^ . . . c, ajCr, . . . ajbp^ . . . b'^p . . . c, etc. 

Hence the P , p\ permutations of CTp a,, . . . , Op, J, . . . , 5, c, . . . , c 
give rise to exactly P .p\q\ permutations of Oj, cf,, . . . , a^, J^, . . . , 
Jq, c, . . . , c. Finally, if the r letters c be replaced by r distinct 
letters c^, c^, . . . , tv> the resulting number of permutations on the 
jt? +5' + r = 7i distinct letters will be P.flqXrX But the num- 
ber of permutations of n distinct letters n at a time is n\ Hence 

P.p\q\r\ = n\ P= ,^\ , . 
^ ^ p^ p\r\ 

By a similar proof, the number of permutations of n things n at 
a time, p of which are alike, q alike, r alike, . . . , ^ alike, is seen 
to be 

n\ 



p\q\r\ . , ,t\ 



(w=;?-fg-f r + ...+0. 



For example, the number of permutations of all the letters of the 

11! 
word Mississippi is ^^^ ^ = 34650. 



EXERCISES. 

1. In how many different ways can five boys stand in a row ? 

2. How many numbers of six digits can be formed by using the numbers 
1, 2, 3, 4, 5, fi ? How many numbers of four digits ? 

3. How many numbers of three digits (the first not zero) can be formed 
with 0. 1. 2, 3, 4, 5 ? How many of five digits ? 
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4. Find the number of pennutations of all the letters of the word animal ; 
of the word retniive. In how many permutations do the vowels and conso- 
nants alternate ? How many of the latter end with a vowel ? 

6. How many numbers less than 1000 can be made with the digits 0, 1, 2, 
3, 4, 5, 6 ? How many with the digits 1, 2, 3, 4, 5, 6, 7 ? 

6. In how many Ways can seven boys form a ring ? a row ? 

7 . How many sums of money can be made with 5 pennies, 3 dimes, 2 quar- 
ters, and 1 dollar ? 

8. Prove that » + 2^r f l = nCV + l + 2 nCr + nCr-l. 

9. If bCj = „C,o, find nC,. 

10. In how many ways can 4 men and 2 boys be chosen from 12 men and 
6 boys ? 

11. In how many ways can six gentlemen and six ladies be arranged at a 
round table so that no two gentlemen are adjacent ? 

12. How many triangles can be formed by joining three of the vertices of 
a general octagon ? 

IS. Prove thatnC7r + l = n-lCr + n-zGr-\-n-zGr-\- . . . ^rCr- 

14. By considering the combinations of s letters some of which are chosen 
from o^, a,, . . . , Op, and the others from h^, b^, . . . , bq, show that 

P + flft ^ pft "f" pGg — 1 • qCi + pCs _ 2 . q Ca -f" . . . + pCi . qCa _ 1 -j- g Cg. 

BIKOMIAL THEOSEK FOR POSITIVE INTEOSAL INDEX. 

91. Let n be a positive integer and consider the product 

{a + ^)(« -\- b) . . . {a + b) [n factors]. 

One term of the product is a**; it is obtained by taking the letter a 
from each parenthesis. There will be n terms a"~^^, since the let- 
ter b may be choseji from any one of tlie n parentheses, which may 
be done in ^C^ = w ways. There will be ^0^ terms a*"" W, since two 
Z>'s may be chosen from any two of the n parentheses and the a's 
from the remaining parentheses. In general, there will be ^C^. terms 
rt" - ri^r^ since the r V% may be chosen from any r of the n parentheses, 
the a's being then taken from the remaining parentheses. Hence 

(a + by = a^+^C,a^-'b+^C^a^-^^ + • • • + „a«^"-'"^''+ . . . + b\ 

The expression on the right is called the expansion of {a + by, 
and the theorem involved is called tlie binomial theorem for the case 
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in which the Index n is a positive integer. The r + 1st term is 
Jj^'^^lf-y it is called the general term of the expansion. 
Substituting for ^(7j, «C,, . . . their values (§ 87), we get 

/ . x\« « . «^ IT , w(w— 1) ^ ,,„ , w(w— l)(w— 2) ^ „. , 
(a+J)»=a"+wa«-^J+-Yr2- o^'^V-\-- 1.2 '3 — ^^^ ^^ + ' ' ' 

1 '2 ... r 

By § 88, „(7^ = „C>j_^for all values of r from 1 to n. Hence in 
the expansion of {a + b)"", the coefficients of any two terms equidis- 
tant from the beginning and the end are equal, 

92. To determine the greatest coefficient, we observe that 

__m(w-1)...(w— r + 2)(n — r+1) 



n^r 



1 •2.. . r — 1 -r 



n _ ^(^ — 1) ... (w — r + 2) 
^'■-^ ~ 1-2. ..r-1 ' 



. r> _ r '^-r + 1 

r 

> ^ /• -L 1 > 

Hence n(^r = n^r-i according as — I, namely, according 

< 

as r — \{n + 1), since the inequality sign must be reversed when 

the signs of the two members are changed. Hence the number „(7^ 
ilicreases as r increases, so long as r is less than ^{n -f 1), but de- 
creases as r increases when r > \{n + 1). The case r = ^{n + 1) 
occurs only when n is odd; then r — 1 = n — r, so that ^C^ = ^C^_ ,, 
in agreement with the result of § 88. Hence, if n is odd, the coef- 
ficients nCi(n + i) and „C|(^_i) are equal and are greater than the 
remaining coefficients; if n is even, the coefficient „0i„ is the great- 
est coefficient. 



92 MULTINOMIAL THEOREM. [Ch. IX 

Observe that the number of terms in the expansion of (a -f ^)" ^ 
n + 1, and that, for n even, „Ci„ is the coefficient of the ^ + 1st 
term, which is then the middle term ; while for n odd, there is no 
middle term, bat there are two terms, the ^{n -f- l)st and the 
\{n -{- 3)rd, at the middle of the expansion, their coefficients being 
„Cj(„_i) and mC|(»+i). We may state the result: 

In the expansion of {a-\- J)", the greatest coefficient is the middle 
term ifnbe even ; while for n odd the middle pair of terms have the 
greatest coefficients. 

EXERCISES. 

1. Find the greatest coefBcient in the expansion of (a -\- h)^. 

5. Find the greatest coefficients in the expansion of {a -j- hy, 

8. Two coefficients nCr and nG» are equal only when r -}- « = « 
4. If the 10th and 12th coefficients are equal, find the 4th. 

6. If2nCj = 24„(74,flndn. 

6. The sum of the coefficients in the expansion of (a -f Vy* ^^ ^• 

7. The sum of the coefficients of the odd terms of a binomial expansion 
equals the sum of the coefficients of the even terms. 

8. If there be a middle term, its coefficient will be ewn. 

9. »(7i+2„C7«4-8„(7,+ . . • +rnGT +. . . +nnC'n = ^2*^1. 

10. nCi - 2nC. + 3nC. -...+(- l)»-ln„Cn = 0. 

11. nC.+ \nC^ + \nG,+\nC.+ . . . =5^. 

(2»)I 



18. nCf% nOi 4" ^Gi nG\ 4" nCf »Cs + . . . -f-nCn— 1 nGn = 



(n -f 1) ! (n - 1) r 



14. »C7,« + nO." + «^."+...+na»« = (2n)!-^(n!)*. 

KULTIKOHIAL THEOBSM. 

93. Let w be a positive integer and consider the product 

(a+J '\'C-\-d){a-\-h-\-c-\'d) . . • {a+h-\-c-{-d) \n factors]. 
Every term of the product is of the form 

each exponent «r, /?, y, S being a |)ositive integer or zero. But 
various terms will be equal and may be added. For a, /?, y, 6 



J 
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given, the terms equal to (tl^c'd^ may all be obtained by selecting 

the letter a from a parentheses, h from fi parentheses, c from y 

parentheses, and d from the remaining 8 parentheses, the selection 

to be made in every possible way. By § 90, this selection may be 

done in exactly 

n\ 
a\p\y\6\ 

ways. Hence the general term in the expansion of («+ J+^+^)* ^ 

a I p I y I 6 I 

Example 1. Find the coefflcient of a»6*c« in (a + 6 + ey 

7 1 
The coefflcient is  ,,,., = 210. 

O I iO I « I 

ExAMPLB 2. Find the coefficient of x^ ia{a + bx + ex*y. 
The general term of the expansion is 

_|J_a-6Va^ + ^ (a + /» + r = 8). 

We seek the terms in which /3-{-2y = 6. Each of the quantities a, fl, y 
is to be a positive integer or zero. Hence y ~^2. For ^ = 2, we get /5 = 1, 

a: = 5 ; for ;k = 1, /^ = 3, a = 4 ; for ;^ = 0, /? = 5, a = 8. The coefficient 
of aj* is therefore 



512! ' 4!3! ' 3151 



EXERCISES. 



1. Find the coefficients of a'ft^c and a*6 in (a -(- * -f <?)*• 

2. Find the coefflcient of a»6Vd in (a + 6 + c -f d)^®. 

3. Find the coefflcient of sr* in (1 + 3a; -|- 4a; 2)». 

4. Find the coefflcient of a;' in (1 -|-3aj — x^f, 

6. Find the coefficient of a* in (1 -f 2a; + Sar' + 4«»)». 



CHAPTER X. 

PROBABILITY (CHANCE). 

94. Definitions. If an event can happen in m ways and fail in 
n ways, and if each of these m + ^ ways is equally likely, the 

probability, or the chance, of its happening is — -:— , and the 

probability of its failing is — -r— . 

An equivalent statement is that the odds are m to n in favor of 
the eventy or n to m against the event. 

For example, if a single ball is drawn at random from a bag 

containing 4 white and 6 black balls, the chance of drawing a white 

ball is -^ and the chance of drawing a black ball is ^. The 

chance that the ball will be either white or black is t\ + ^^ = 1, 

namely, one of the events is certain to happen. The probability 1 

denotes certainty. 

. 96. Example 1. From a bag containing 4 white and 6 black balls, 2 balls 
are drawn. Find the chance (1) that both are white ; (2) that both are black ; 
(3) that one is white and one black. 

The total number of ways in which 2 balls can be drawn from 10 is 
loCa = 45. The number of ways of drawing 2 white balls is 4^\ = 6 ; 
of drawing 2 black balls .C, = 15 ; of drawing 1 white and 1 black ball 
iCi . 9G1 = 24:. As a check, we note that 6 + 15 + 24 = 45. The chances of 
the respective events are therefore j\, Jf , f|. 

Example 2. A man has 3 chances in a lottery in which there are 5 prizes 
and 10 blanks. Find his chance of drawing a prize. 

Of the 15 tickets, 3 may be drawn in ,5^/, =465 ways. 3 prize tickets 
may be drawn in » (7s = 10 ways ; 2 prize tickets and 1 blank may be drawn 

94 
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in tCa . io(7i = 100 ways ; 1 prize ticket and 2 blanks in 5ioC7s = 225 ways ; 
3 blanks in ioC7s = 120 ways. The respective chances are 

iVfe » \H » Hf » Jf K » 
whose sum is 1, a check upon the work. The chance of drawing one or more 
prizes is the sum of the first three chances, viz., }f|. 

Example 3. If 5 coins are tossed, what is the probability that 3 heads and 
2 tails will appear ? 

As each coin may fall in 2 ways, the 5 coins may faL in 2*^ = 32 ways. 
These events may be classified as follows : 5 heads may fall in 1 way ; 4 
heads and 1 tail in 5 ways ; 3 heads and 2 tails in 10 ways ; 2 heads and 3 
tails in 10 ways ; 1 head and 4 tails in 5 ways ; 5 tails in 1 way. As a check, 
we observe that 1 + 5 -f 10 + 10 -|- 5 -f 1 = 32. The chance for 3 heads 
and 2 tails is therefore ^J. 

Example 4. If a pair of dice are thrown, find the probability that the 
sum of the face numbers will be 6. 

As each die has 6 faces, the pair can be thrown in 6 X 6 = 36 different 
ways. The desired events are of three kinds : 1 and 5, 2 and 4, 3 and 3. 
Now the first die may come up 1 and the second 5, or vice wrsa, so that the 
pair may be 1 and 5 in two ways. Similarly, the pair may be 2 and 4 in two 
ways. The pair can be 3 and 3 in a single way. Hence the probability of 

throwing 6 is /^ + A + «•» = /it- 
Example 5. In a lottery there are 10 blanks and 3 prize tickets of $100 
each and 2 prize tickets of $10 each. What is the value of the expectation of 
a holder of 3 ticket^ ? 

We form a table in which the first column indicates the nature of the 
event, the second column its probability, the third column the total value of 
the event if successful, the fourth column the value of the expectation (prob- 
able value) of the event. 



Event. 



Three $100 prizes 

Two $100, one $10 

One $100, two $10 

Two $100, one blank 

Two $10, one blank 

One $100, one $10, one blank 

One $100, two blanks 

One $10, two blanks 

Three blanks. . , 



Probability. 



1-^455 

6^465 

3 -f-455 

30 -i- 455 

10 -4- 455 

60 -^ 455 

135 -^- 455 

90 -^ 455 

120 -f- 455 



Value of Event. 



$300 

210 

120 

200 

20 

110 

100 

10 





Expectation. 



$300 -i- 455 

1260 -f- 455 

360 "5- 455 

6000^455 

200 -^ 455 

6600 -f- 455 

13500 -H 455 

900^455 





The sum of the numbers in the last column is 29120 h- 455, or 64. Hence 
the expectation of the holder has the value $64. As a check, the sum of the 
fractions in the second column is unity. 



9* PROBABIUTY (CHANCE). [Ch. X 

96. If two events are mdependent * {the occurrence of one not 
contingent upon the occurrence of the other) y the probability that both 
will happen equals the probability of the first evenVs happening 
multiplied by the probability of the second evenVs happening. 

Suppose that the first event can happen in m ways and fail in n 
ways, each of these ways being equally likely to occur. Let the 
corresponding numbers for the second event be M and N. We may 
associate any one of the m-^- n occasions in which the first eyent 
happens or fails with any one of the M -{- N occasions for the second 
event. Consider the resulting (m + n){M-\- N) occasions. In 
mM of these occasions both events happen. Hence the probability 
that both events will happen is 

^^ = Prob. of 1st X Prob. of 2d. 



(m + n)(ilf4- JV) 

In general, if Pj, P,, -Pg* • • • *^® *^® respective probabilities of 
a number of independent events, Pj • P, • P, . . . is the probability 
that all will happen. 

For example, the probability of throwing an ace in the first and 
second, but not in the third, of three successive throws of a die is 
i X ^^ X 4 = YTF» since the probability of throwing an ace at one 
throw is \y and the probability of not throwing an ace is f . 

Example (Polncare). Prom two urns of like exterior, the first contain- 
ing 4 white and 6 black balls, the second containing 3 white and 2 black balls, 
one ball is drawn at random. Find the probability P that a white ball is 
drawn. 

Since the total number of balls in the two urns is 15 and the number of 
white balls is 7, one might be led to say that the probability P of drawing a 
white ball is 7/15. But this solution is incorrect as it assumes that the events 
are equally probable. Indeed, the probability of drawing a particular ball 

* We may state the condition that A and B are independent events in the 
following form. The probability that A will happen, the probability that A 
will happen if ^happens, and the probability that A will happen if B does not 
happen shall all three be equal. See Poincare, Calcul des Probabilites, 
Paris, 1896. 
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from the first urn is 1/10, while the probability of drawing a given ball from 
the second um is 1/5. 

The correct solution is as follows. As each urn is equally likely to be 
selected, the probability that the first urn will be selected is \, the probability 
that the second urn will be selected is J. If a ball is taken from the first urn, 
the probability that it will be a white ball is ^q. Applying the theorem 
which relates to two independent events, we find that the probability that 
the first urn will be selected and that a white ball will be taken from it is 
\. ^js = Y^. Analogously, the probability that the second urn will be selected 
and that a white ball will be taken from it is J . | = f^. The required prob- 
ability P is therefore tV "i" A = !• 

EXERCISES. 

1. From a bag containing 4 white and 8 black balls, 3 balls are drawn. 
Find the chance (1) that all are white ; (2) that 2 are white and 1 is black. 

2. A has 3 shares in a lottery in which there are 3 prizes and 15 blanks ; 
B has 2 shares in a lottery in which there are 3 prizes and 9 blanks. Com- 
pare their chances of drawing at least one prize. 

3. If 6 coins are tossed, find the chance for 3 heads and 3 tails. 

4. If 3 Latin, 5 Greek, and 6 French books are placed on a shelf at random, 
find the chance that the books of each language will be together. 

6. The letters of the word probaMUty are placed at random in a line. 
Find the chance that two vowels will come together. 

6. Find the chance for a sum 4 at one throw of two dice. 

7. Find the chance for a sum 15 at one throw of three dice. 

8. Find the chance for a sum of at least 6 at one throw of two dice. 

9. In a lottery of 100 tickets, there are 5 prizes of $100, 10 of |50, and 10 
of $20. Find the value of a ticket. 

10. From a bag containing 5 twenty-dollar bills and 15 ten-dollar bills, a 
person is entitled to draw 2 bills. What is the value of his expectation ? 

11. Find the probability of throwing an ace at least once in three succes- 
sive throws of a single die. 

12. From a bag containing 4 white, 5 black, and 6 red balls, 3 balls are 
drawn in succession, each being replaced prior to the next draw. Find the 
probability that (1) the balls are of different colors ; (2) the first is white, the 
second black, the third red ? 

18. If two events are dependent (the occurrence of one being contingent 
upon the occurrence of the other), the probability that both will happen equals 
the probability of the first multiplied by the probability that when the first 
has happened the second will follow. Prove a similar theorem for any num- 
ber of events. 

14. Solve Ex. 12 when the balls are not replaced after being drawn. 



9S PROBABILITY (CHANCE). [Ch. X 

16. If P is the probability of the happening of an event and therefore 
1 — P the probability of its not happening, the probability that the event will 
happen exactly r times in n trials is 

16. If 6 coins are tossed, find the chance for a single head. 

17. Find the chance of throwing exactly 3 aces in 6 throws of a die. 

18. Find the chance of throwing at least 3 aces in 6 throws of a die. 

19. The probability that A can solve a given problem is | and B's proba- 
bility is {. Find the probability that both together will solve it. 

SO. A number of 3 digits is formed at random from the 10 figures 0, 1, 
2, . . . , 9. Find the chance that the sum of the 3 digits is 25. 

81. A's probability of being alive 20 years hence is |, B's probability is f 
Find the probability that both will be alive. 

88. Two balls are drawn from a bag containing 3 red, 4 white, and 5 black 
balls. What is the chance that both are of the same color ? 

88. A has twice the skill that B has. What is the chance that A wins 6 
games before B wins 3 ? 

84. What is the chance that in 5 numbers taken at random exactly two 
begin with the digit 9 ? That at least two begin with 9 ? 



CHAPTER XL 

MATHEMATICAL INDUCTION. 

97. By the method of suniming an arithmetical progression we 
find that the sum of the first n odd numbers is n^. This result 
may also be proved by the following method. We observe that 
1 -f 3 = 2S 1 + 3 + 5 = 32, 1 + 3 -+- 5 4- 7 = 42. Let us suppose 
that we have continued this numerical verification of the theorem 
as far as the first m odd numbers, so that 

1 + 3 4. 5 + . . . + (2m - 1) = m«. 

Consider next the sum of the first m -\- 1 odd numbers. This sum 
may be derived from the preceding sum by adding the m + 1st odd 
number, which is 2m + 1. Adding it also to the second member 
m^, we get 

l_|.3+5 + . . . + (2m-l)+(2w+l)=m2+(2m+l) e {m+l)\ 

In the left member of this equation we have the sum of the first 
w + 1 ^^^ numbers ; in .the right member we have the square of 
m + 1, Hence the theorem holds also for n = m + 1 when it has 
been established for n = m. But we observed from the identity 
1 + 3 = 2^ that the theorem holds f or w = 2 ; hence by our proof 
it holds for w = 2 + 1 = 3. Being true for w = 3, the theorem 
holds for n = Z + 1 = 4:. Being true for w = 4, it holds for 
71 = 4 + 1 = 5, etc. It therefore follows that the theorem holds 
for any positive integer n. 

99 
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98. This method of proof is called mathematical induction. 
There are two distinct parts iu the proof as applied to establish a 
theorem true for every positive integral value of n. On the one 
hand, we have to show that, if the theorem holds for any particular 
value 7n of n, it will then hold for the next value m -{-1 of n. Qn 
the other hand, we have to show that the theorem is true for 
the initial values of w, say n = 1, or w = 2, so that there may be a 
starting point (free from *'ifs") for the induction process from m 
to m + 1 (from '* if true for m " to ** then true for m + 1 "). We 
must have a ladder by which to climb from any round (the mth) to 
the next round (the m + 1st) ; but the ladder must rest on a solid 
basis so that we can get on to the ladder (the n = 1 or n = 2 
rounds). 

To illustrate the necessity of both parts in the proof, consider 
the two following examples. 

Whatever be the value of the number c, the equation 

l + 2 + 2« + 23 + ... + 2» = 2" + i +c 

will be true f or w = m -|- 1 if true for n = m. Indeed, we have 

(14.2 + 22 + ...+2^)+2"' + ^= (2"» + *+c) + 2"*-^-*=2" + * + c, 

which is the original formula for n = vi -{- 1, The *^ ladder" is 
therefore perfect. But to be able to climb up the ladder io the 
general round (the nth round), we must be able to get on the first 
round ; the formula must be true for n = 1, which requires 
1 + 2 = 2^ + c, whence c= — 1, Hence the only true formula is 

1 + 2 + 2*'^ + 28+ . . . + 2~ = 2~ + ^ - 1, 

a result also proved by the formula for the sum of a geometrical 
progression. 

As the second example, consider the theorem due to Gauss 
that, for prime* numbers n, the circumference of a circle can 

* A positive integer n is called pi'ime when it is divisible by no positive 
integers other than unity and n itself. Thus 2, 3, 5, 7, 11, ... , are primes. 
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be divided into n equal parts by means of ruler and compass if, and 

only if, n has the form 71 = 2^ +1. For m = 0, 1, 2, 3, 4, we 
find that w = 3, 5, 17, 257, 65537, respectively, ^nd that each of 
these values of w is a prime number. It was consequently supposed 
by Format that the expression 2^+1 was a prime number for all 
positive integral values of m. Later, however, Euler proved that 
this supposition was false by showing that, for m = 5, the resulting 
number 2^^ + 1= 232 + 1 = 4,294,907,297 is divisible by 641. 

99. Example 1. Prove by mathematical induction that the sum of the 
cubes of the first n natural numbers equals { \n(n -f 1) }'^. 

By trial, 1' + 2» = { ^2(3) j ^ Suppose, then, that the theorem holds for any 
particular value m of n, so that 

l» + 2'+3» + ...+w»= {i«»(m + l)}«. 
Adding {m + !)• to both members, we get 

= (^ + l)^j ^' + y^+^ }={K^ + lXm + 2)}«. 

Hence the theorem holds also for the value w + 1 of w. Being true for n = 3, 
the theorem therefore holds for n = 3, etc. By the two parts, the theorem is 
proved to hold for every n. 

Example 2. Show that aj»* — y* is divisible by a? — y if n is a positive 
integer. 

The theorem is evidently true forn = 1 and » = 2. Since 

/pro _ ym ^ /jjm — 1(^ __ yj _|_ y^^jgm — 1 __ ym — IJ^ 

the theorem will be true for n = m if true for n = m— 1. In fact, if 
ajm-i _ ym-i ig divisible by a; — y, the identity shows that x"^ — y"» will also 
be divisible hj x — y. Hence the theorem follows by induction. 

Example 3. Prove by induction the Binomial Theorem for all positive 
integral exponents n. 

By § 91, the theorem in question is given by the formula 

where 
, -1 ^ -^ g _ n(n-l) __ n(7i-l)...(n-r+l) 
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integer. Moreover, it is divisible by n since there is no factor in common 
^th n and the denominator r ! In fact n is greater than r and hence cannot 
iivide any factor of r I ; while, inversely, no factor of r 1 can divide the prime 
lumber n. 

. •. f(M+ 1) =f{M) -f a multiple of n. 

lence, if/ (M) is divisible by w, so is also/(Jf + 1). But/(1) ~ 0. Hence 
'(2) is divisible by n ; therefore also/ (3), etc. 

This theorem is known as Fermat's Theorem. Incidentally it was shown 
hat in the expansion of (a -\- &)**, for n a prime number, all the binomial coef- 
icients except the first and last are divisible by n. 

As illustrations of the theorem, we observe that 

25 - 2 = 5 X 6, 3* - 3 = 5 X 48, 4* - 4 = 6 X 12 X 17. 

EXERCISES. 

Prove by mathematical induction that 

I. l« + 2'^-f 3« 4- . . . -h »' = iw(» + 1)(27»+ 1). 

sJ-^J-. 1_4. . 1 _ ^ 

1-2 "^ 2-3 "^ •3-4 "^ • • • "^ n(n + 1) " 7* + 1' 
8. (a + 6 + c + d)'» — a» — 6» — c" — d" is divisible by the prime n, 
4. aj» — y» is divisible hy x-\-y when n is even 

6. 2.4 + 4.6+6. 8-f-...+ 2n(2w + 2) = -^ (271 + 2){2n + 4). . 

o 

6. 2 • 7» + 3 . 5» - 5 is divisible by 24. 

7. 1 + ?+ ^7:±^ + '^+4><^+^> + ... ton + ltermsequab 

(m + l)(m + 2) . . . (m + w) 

1-2. ..71 

8. 1 • 2+ 2 • 3 + 3 -4 + . . .+ 7»(7i + 1) = in(n + 1)(7» + 2). 

9. l-2-3 + 2-3-4 + ...+7i(7i+l)(7» + 2) = i7K7i+l)(7i+2X» + 8). 

10. 13+23+. .. + 7»» = (l + 2 + . .. +7*)^ 

II. (15 4. 23 + . . . + n^) + (r + 2^ + . . . + 7^7) ^ 2(1 + 2 + . . . + n)K 
12. (P + 2» + . . . + w») + 8(1* + 2^ + . . . + 71^; = 4(1 + 2 + . . . + 7»)». 
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The theorem is true for n = 1, since (a -+■*)* = « + ^ ; also for n = 2. since 

(a -I- 6)« = a» -h 2aA -h y = <v»« 4- c,a6 + c^. 
Suppose that the theorem has been established for n = m, so that 

(a -h b)^ = <v*"* + <5i^"'~*ft + c^^-^l^ -\- . ,, -\- era'^-^b^'\- . . . + <j«6« 
Multiplying both members by a -f ^> we get 
(a -h d)"» + i = Cjfl^ ♦-I + (Co + c>"»6 + (Ci + c^ya^-^H' + . . . 

But Co = 1, Cm = 1, and 

<\» + Ci = w + 1, 

, , f?»(»» — 1) m(in 4- 1) 

_ ffl(t» — 1) . . . (m — r -f- 2) f» (m — 1) . . . (m — r + 1) 
cr-i + cr- r2...(r-l) "^ 1-3. ..r 

m(m — 1) . . . (w — r + 2){r -f (m — r -f 1)} 
" "■ 1 ^...(r- l)r ' 

(m 4- l)ffl(m — 1) . . . (m — r + 2) 
= 1 • 2 . . . (r - l)r 

... (a + 6)« + i = a« + i 4-(m-f l)«"'6 + ^^-py^a"*-*6'+... 
_^(^ + l)(m)(m-l^^..(^^+l-r + l^^^ 

But this formula is the same as the initial formula for {a-\-b)^ forn = m+ 1. 
Hence the theorem is true for ?» = w4- 1 if true for n — m. Also the theorem 
is true for » = 1. Hence it is always true. In fact, being true for n = 1, it 
is true for n = 2, and therefore for n = 3, etc. 

Example 4. If n is a prime number, N'^— Ni& divisible by n. 

Denote N^ — Nhj the functional symbol /(iV). Then 

/(Jf4- 1) -/(Jif) = \{M+ 1)« - (Jf + l)\-\]^-M\ 

upon expanding {M-\- 1)» by the Binomial Theorem. The first and last terms 

are evidently divisible by n. Also \T^~^ is an integer, being a binomial 

coefficient, and is divisible by w, since 2 does not divide the prime n{n> 2, 
otherwise the term Jf**-* does not occur). In general, the coefficient 

^ ^~ ■' ' ^ ~~ — - — of if» - »• occurs only when n > r and is then an 
1 -2. . . r 
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integer. Moreover, it is divisible by n since there is no factor in common 
with n and the denominator r 1 In fact n is greater than r and hence cannot 
divide any factor of r I ; while, inversely, no factor of r 1 can divide the prime 
number n. 

. •. /(if + 1) =f{M) + a multiple of n. 

Hence, if/ (M) is divisible by n, so is also /(if -f 1). But/(1) = 0. Hence 
/(2) is divisible by n ; therefore also/ (3), etc. 

This theorem is known as Fermat's Theorem. Incidentally it was shown 
that in the expansion of (a -{- &)**, for n a prime number, all the binomial coef- 
ficients except the first and last are divisible by n. 

As illustrations of the theorem, we observe that 

2* - 2 = 5 X 6, 3* - 3 = 5 X 48, 4^ - 4 = 6 X 12 X 17. 

EXERCISES. 

Prove by mathematical induction that 

1. l« + 22 + 3* -}-... +n'» = iw(n + l)(2w+l). 



1-2 "^23 "^ 3.4^*"^»(n + l)"n4- 1" 

3. (a-\-b -{- c -\- dY' — a^ — 6» — c" — d» is divisible by the prime n, 

4. a?» — y» is divisible by a; + y when n is even 

5. 2.4 + 4.6 4-6-8+... +2/K2» + 2) = -^(2?i+2)(2/i-f-4). . 

o 

6. 2 • 7« + 3 . 5» - 5 is divisible by 24. 

7. 1 + Y+ 17^^+ ^^1^2-3'^^ "^••* t<> ^ + 1 ^erms equals 

{m + l\m + 2) . . . (m + n) 
1-2. ..w 

8. 1-2.+ 2-3 + 3-4+... + 71(71 + 1) =i7K7i+l)(7i + 2). 

9. l-2-3 + 2-3-4 + ...+7i(7i + l)(7» + 2) = i7K7i+l)(7i+2)(7» + 3). 
10. 13+23+ . . . + 7»» = (1 + 2 + . . . + 71)2. 

11. (15 + 25 + . . . + 7l5) + (r + 2^ + . . . + 71') = 2(1 + 2 + . . . + 71)*. 

12. (1* + 2» + . . . + 7i») + 8(1* + 2* + . . . + n^) = 4(1 + 2 + . . . + 7»)». 



CHAPTER Xn 
LIMITS ; INDETERMINATE FORMS. 

100. Preliminary Remarks on Limits. — In testing the penetra- 
ting power of a bullet fired at a given distance with a particular 
rifle and uniform loads, we determine the limit to the thickness of 
the pine board through which the bullet will pass. In Geometry, 
the length of the circumference of a circle is obtained as the limit 
of the perimeters of the inscribed (also of the circumscribed) regular 
polygons as the number of sides increases without bound. Of all 
triangles having a given perimeter and a given base, the isosceles 
has greatest area, so that there is a limit to the area of such a tri- 
angle. The last two illustrations offer a contrast in one respect, 
the variable inscribed regular polygon does not reach its limit, the 
circumference ; but in the last example the variable triangle reaches 
the limiting form of greatest area, the isosceles triangle. 

In the algebraic formulation, we consider a variable x and a 
function f{x) to which there is a definite value for each value that 
X may take (see definition of function, § 75). 

A Necessary Condition for a Limit. — In order that the func- 
tion f(x) shall have the limit Z as ic approaches a, where I and a 
are fixed quantities, it must be possible to make the difference 
between /(ic) and I as small as we please by taking x sufficiently 
near to a, [Complete definition of limit in §§ 103-104.] 

This condition is satisfied by the function 2a; -j- 4 if a = 3, 
I = 10, since the difference between 2rc + 4 and 10 is proportional 

104 
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to the difference between x and 3. In this* case we may let x 
become 3, whence 2a; + 4 becomes 10. 

The question is not so simple with the function 

•'^ ' X — a 

which is not defined for x = a. Indeed, upon setting a; = «, we 
are led to the symbol ^, which may be regarded to be equal to any 
number whatever if, indeed, it have a value at all (§ 102). At any 
rate, f{x) does not have a definite value for xz=.a and hence, by 
the definition of a function, is not defined for x = a. We may, 
however, show that f{x) approaches a limit as x approaches a. As 
long as X differs from a, f(x) equals x -{- a. Hence 

/{a + .01) = 2a + .01, f{a + .001) = 2a 4- .001, 
/(a + .0001) = 2a + .0001, . . . 

By making the difference between x and a sufficiently small, 
but distinct from zero, the difference between f{o:) and 2a may be 
made as small as we please. That this necessary condition is also a 
sufi&cient condition for the limit 2a is shown in § 105. 

101. The Term Infinity.— The value of the function — for any 

X 

value of X except zero is readily computed. The operation division 
ceases to have a meaning when the divisor is zero ; there is no 
number q such that . g = 10, since, for every number q, . q is 
always ; 10 cannot be separated into parts each equal zero. 

But as X decreases through positive values, — increases and may 

X 

be made to exceed any assigned value (say 10,000) by taking x 
sufficiently small (viz., less than one-thousandth). Thus — in- 

X 

creases without bound; for brevity, it is said to '* become infinite/' 
or to ** approach infinity" (symbol, +ao, or merely 00), terms 
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which mean only '' increases without bound.'^ Similarly, as x 
increases through negative values, — decreases, and as x approaches 

zero, — decreases without bound ; it is said to become negative 

infinity (symbol, — oo ). A variable which does not increase with- 
out bound nor decrease without bound is said to remain finite. 

102. While the function — is not defined for a; = 0, division 

X 

by zero being excluded (§ 101), it has the limit 10 as 2; approaches 

lOic 
zero. In fact, — =10 for every xj^O» But if we consider the 

numerator and denominator separately, we have functions which 
approach as a; := 0, and the quotient of their limits takes the 
form ^. But the same symbol would be obtained from the 

functions -, — , — , whereas their limits as 2; = are 1, 3. 10, 
x x X y 9 y 

respectively. Hence the symbol ^, considered apart from its origin, 

does not possess a definite value and so is called an indeterminate 

form. 

10a: 
For every value of a; > the function — ^ has the value 10, 

so that its limit as * a: = 00 is 10. If we consider the numer- 
ator and denominator separately, we have functions which increase 
without bound as x does, and the quotient of their limits has the 

form ^. But, as a; = 00, the functions — , — , — have the 

a; a; a; 

limits 1, 3, 10, respectively, while each may lead, in the sense ex- 
plained, to the symbol 05-. Hence ^ is called an indeterminate 
form, not possessing a definite value. 



♦Read *'x increases without bound." a? :^ — 00 is read "x decreases 
w ithout bound." But aj = 1 is read '*&s x approaches 1." 
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1 3 10 

Writing the above functious in the forms a; . ~, a; . -, x . — . 

° Z X X 

and considering the limits of the separate factors as x=0, we are 

led to the symbol . oo in each case. Similarly^ as 2; = oo , we are 

X 33/ 10^/ 
led to the symbol 00 . in each case. But -, — , — have the re- 
it* a: a; 

spective limits 1, 3, 10a8a; = or asa; = Qo. Hence the symbols 
. 00 and 00 . 0, when considered apart from their origin, are inde- 
terminate forms. 

As 2; = 1, the two members of the identity 

2 1 1 -a; 



1-7? l-a;~l~a;2 

lead to the respective symbols 00 — 00 and ^. Thus 00 — 00 is an 
indeterminate form, when considered apart from its origin. 

If, for a: == «, a function of x assumes an indeterminate form, 
we determine its limit as a; = a. ' If the given function is/(a;)/^(a:), 

where f(x) = and g(x) = as a; = a, we seek ^\^. 

•^^ ' x = ag{x) 

Example 1. As a; ~ 1, (1 — a^)/(l — ir*) leads to the symbol 0/0. But 

1 -a^ _ (1 - a?)(l -f a; 4- a;2 4- a^ -f a?*) 
l-aj»" (1 -ar)(l+a;-ha^) ' 

♦. limit 1 — aj* __ 5 
X = 1 iTT^ - 3 • 

Example 2. Find the limit as a; = 00 of 

4a!» - 3aj + 7 



/l«)'= 



a^_5aj + l' 



which may be said to lead to the symbol 00 /oo . 

Dividing numerator and denominator by x^, we see that 



limit f(x)- limit 4 - 3/a; 4- 7/a;^ 

= <» 1 - 5/a; + l/x" 



aj — 00 a; -^ ^ .- . - . ^ / . .. — 4. 
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ExAMPLB 8. The limit, as x approaches 8, of 

VSS- 8 _ i^3 ( yS"- 1/8") 

\b ^%I% VS = i. For a; = 8, the fraction leads to the symbol 0/0. 

EXERCISES. 

State which indeterminate form arises for the value of x given in each of 
the following problems. Find the limit of the function as x approaches the 
value given. 

S. ^ for « = 1. 4. -^-7= ^^ for x = y, 

X-l y^_ |/y 

ft. ^ for aj = 1. 6. s-= ^-^ for a? = a. 

^- ~-V-5* -fora^-co. g. ^^foraj = 0. 

•• r+ « ■+■ rr^i ^^^ * = 1- 10. ^aj + ^-l-^j(a?'-a;-6)fora? = -2. 

n. 3-r_i^for^ = 2. 12. i^±f^J^^E^fora.= -l. 

aj — a 1 -j-a; 

103. In giving a complete definition of limit, which shall give 
not only a necessary condition for a limit, but the necessary and 
the sufficient conditions, we give in this section the definition of a 
limit as ?t = 00 , and in § 104 the definition of a limit as a; = a, where 
a is a given constant. The former case is the one used in the later 
chapters of the text. 

In giving a necessary condition for a limit (§ 100), nothing was 
said of the effect arising by letting x approach a by different 
methods, for example, by passing through positive values only, 
negative values only, or rational values only, or even integral 
values only, etc. Thus the sum of an even number of terms of 
the geometrical progression 1, — 1, + 1, — 1, + 1> • • • is zero, 
the sum of an odd number of terms is + 1. As the number of 
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terms is increased without bound, there is no limit approached. 

 

If n grows large through even values only, the necessary condition 
of § 100 for the limit zero is satisfied, whereas we do not admit that 
there exists a limit of the progression. 
In § 68 was discussed the sum 

and it was shown that the difference between 8^ and 2 may be made 
as small as we please by choosing n sufficiently large. Thus to make 

W^"^ ^ loo ' ^* ^°®^®^ ^^ *^^® n>7; to make ^^^^ < j^, it suf- 
fices to take n > 10. Then 8n is said to have the limit 2 as n in- 
creases indefinitely. 

Definition.* If the function /(w) differs from a constant I by an 
amount less than an assigned positive number e, however small, 
for all values of n which exceed an assignable number (whose value 
depends upon the value of e), then f{n) is said to have the limit I as 
n increases indefinitely and we write 

limit f{n) = I, 
n ± CO 

If, in the preceding example, e be j^, then 2 — /Si, < e for 
n > 7. If e be y^i^xr, then 2 — Sn< € torn > 10. 

Consider the repeating decimal .3 = .333 . . . and set 
aS'„ = .3333 ... (to n decimal places). 
For €=.001, i^S,~^ij,j, < €. For e=.00001, i-S, = ^^j^<€. 

In general, for e = 10"*, ^ — /S'„ < € for every nF^e. Hence 

limit Sn = i. 
n = o:: 

*For an infinite limit ^ = 00, the definition would read : ItJ\n) exceeds 
an assigned positive number E, however great, for all values of n which 
exceed an assignable number, then 

limit f(n) = 00 . 
» = 00 
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^^ • • 

The limit of .6 1: .666 ... is |, being twice the limit of .3, a result 

following from the theorem : 

IfyOS n increases indefinitely^ f{n) has the limit /, and if c is aiiy 
constant, then c . f(n) has the limit c . I. 

In fact, for an assigned positive number e', however small, f{n) 
diflfers from / by an amount < e' for every value of n which exceeds 
uii assignable number. Hence c . f(n) differs from t; . Z by an 

amount < cc' for those. values of w. Taking e' = — , we conclude 

that, for an assigned positive number e, c.f{n) differs from c . ^ by 
an amount < e for every value of n which exceeds an assignable 
number, so that c ,f{n) has the liftiit c . I, 

104. By way of introduction to the general definition below, a 
function having a limit and a function not having a limit as x 
approaches 3 are first given. 

The limit of 2a; + 4 as a; approaches 3 is 10. In fact, 10 

and %x + 4 differ by an amount < e for every x between 3 — — 

and 3 + 1-. 

Let a function E{x) be defined for positive values as follows : 
E{x) = x^ for X an integer; E{x) equals the integer just greater 
than a:, for a; fractional or irrational. Hence as x increases from 2.1 
up to 3, including 3, E{x) remains equal to 3; but as x decreases 
from 4 toward 3, excluding 3, E{x) remains equal to 4. Thus E{x) 
does not have a limit as x approaches 3."*" 

General definition of limit. If the function /(a;) differs from a 
constant I by an amount less than an assigned positive number 6, 



*In a more restricted sense of limit, as x approaches 3 through values 
immediately less than 8, E{x) has the limit 3. Similarly, by § 101, as x 

approaches through positive values, — has the limit -f- oo ; as ar approaches 
tlirough negative values, — has the limit — oo . 

•• X 



r 
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however small, for all values of x between a — 6 and a-\- 6 (except, 
perhaps, x = a), where a is a constant and <^ an assignable positive 
number depending upon e, then f(x) is said to have the limit I s^ x 
approaches a, and we write 

limit f{x) = I. 
X = a 

For example, the limit of the above function 2^; -f 4 as x ap- 
proaches is 4, since the difference 2x is numerically < e for every 

X between — — and + -s« 

The definition is to be modified if either a or li& infinite or if 
both are infinite. Thus, if f{x) exceeds an assigned positive number 
B, however great, for all values of x between a — 6 and a+d, 
where a is a constant and <^ is an assignable positive number, then 
f{x) has the limit -j- cx) as a; approaches a, and we write 

limit f(x) = -|- 00 . 
x = a 

Similarly, the limit — oo may occur. The case a = oo is treated 
in § 103. For example, 

limit 1 _ limit 4a; — 3 _ limit 4 — 3/a; _ ^ 

iC^O^-"^' x± CO 2a; +1 " x = cx> Y+T/x " 

105. For all values of x different from a, the functions 

f{x) = ^^, F(x)=x+a 

are equal. But /(a;) is not defined for a; = a, since it then assumes 
the indeterminate form ^. But /(a;) differs from 2a by less than e 
for all values of x between « — e and a + e. Hence 

limit /(a:) = 2a = limit F{x). 
X ± a x iz a 

In a similar manner, we may prove the general theorem: 
• If two functions of x are always equal whenever each is defined 
and if each function has a limit as a;=:a, the ttoo limits are equal. 
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Sup[)ose that two f auctions f(x) and g{x) have the respective 
limits /^and as a: approac^hes a. Then for an assigned positive 
number 6/2, however small, the difference between /(a:) and / and 
the difference between g{x) and G are each < 6/2 for all values of x 
between a — tf and a-\- 6y where 6 is an assignable positive number. 
Hence the difference between /(a:) -\-g(;x) and ^+ G^ is < e for all 
values of x between a — d and « + d, which proves the first of the 
following theorems: 

Tlie limit of the sum of two functions equals the sum of their 
limits. Hhe limit of the difference equals the difference of the limits. 

Denote by { n | the numerical value of n, whether n is positive or 
negative. We may write 

I f(x)g{x) - FG\ = \ f{x)g{x) -f(x)G \^\f{x)G-FQ\. 

Since /(ar) has the limit F^ and g{x) the limit G, then 
\f(x)\-\F\<e,\f(x)-F\<^^, \gix)-G\<^^^ 

for all values of x between a — S and a-\- S, where tf is a suitably 
chosen positive number. Hence 

\f(x)9(x)-FG\^^^^,^^^^^<^ + ^. 

Since the difference of /(a;)^(a;) and FG is less than e for all values 
of X between a — d and a-{- d, 

limit /(a;)^(a:) = FG = limit /(a;) . limit ^(a;). 
X = a X zk a X ± a 

We have therefore established the following theorem : 

The limit as X:=^a of the product of two functions of Xy each of 
which has a limit as x = a, equals the product of their limits. 

Similarly, we may prove the theorem : 

The limit of the quotient of two functions equals the quotient 
of their limits, if the limit of the divisor is not zero. 



CHAPTER XIII. 
CONVERGENCY AKD DIVERGENCY OF SERIES. 

106. It was shown in Chapter VI that any term of an arith- 
metical progression may be derived from the first term and the com- 
mon difference, also that any term of a geometrical progression may 
be derived from the first term and the common ratio. These progres- 
sions are examples of series in that they give a succession of quan- 
tities formed according to some definite law. In Chapters VIII and 
XI were considered other series, as l«2 + 2«3+3-4 + »«« 

If the number of terms of a series be finite, it is called a finite 
series ; if the series does not terminate, it is called an infinite series. 
To form the sum of a finite series is theoretically an elementary 
problem and the order in which the terms are added is immaterial. 
In the case of an infinite series, it is necessary to define what is to be 
understood by the expression '*sum of an infinite series." We 
consider the sum 8n of the first n terms of the series and let n 
increase without bound. For, the series 1^ + 2^ + 3'-^ + . . . , the 
sum Sn increases without bound when n does. For the series 
l-|-^ + :J^ + ^ + ..., the sum 8^ has the' limit 2 when n increases 
without bound (§ 103). For the series 1 — l-|-l--l + ...,the 
sum Sn is 1 or according as n is odd or even, so that S^ does not 
approach a limit as n increases without bound. 

Definitions.* An infinite series is called convergent if the sum 

* In problems involving infinite series, it is necessary to know whether the 
series is convergent or divergent. Thus, if 8 denote the sum of a given series, 
we can conclude from a -\- 8 = b -\- 8 that a = bit the series be convergent, 
but not if it be divergent. 

"3 
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S^ of its first n terms approaches a finite limit as n increases without 
bound, divergent if S^ does not approach a finite limit. 

Of the preceding examples of infinite series, 1 + ^ + ^ + . . . is 
convergent, while 1*^ + 2' + 3^ + . . . and 1 - 1 + 1 - 1 + . . . 
are divergent. « 

By definition, a series is convergent if, and only if^ limit S^ 

exists and is a finite number S. By § 103, the condition is that 
the difference between S^ and 8 shall be less than an assigned posi- 
tive number e, however small, for all integers n greater than an 
assignable positive integer. Hence must* 

for every integer n greater than an assignable positive integer. 
107. Consider the infinite geometrical progression 1, x, .'c^, . . . 

Then 

1 of 



8n= l+X+0l^ + ...+7f'-^ = 



1 — X 1 — x 



If |a:| > 1, the absolute value of af* increases without bound as n 
does, so that the series is divergent. If | a; | < 1, a:" has the limit 
as n increases without bound (§ 69). We may show that 

limit ^ 1 



To take a numerical case, let a; = f , so that iSl, = 3 ■— 3(f)**. To 
make ^ — S^ < €, it is necessary and sufficient to take 

log 3 — log € 
^ ^ log 3 - log 2* 

There remain the cases x= ±1. For x = -\-\y 8^ = n and 

limit 8n = limit n = oo . 
n = cx) w = 00 

* As explained before, 1 1 denotes the numerical value of the real number 
t ; thus I -h 2 I = 2, I — 2 I - 2. The symbol U | i« read absolute value of /. 



Iec. 108] COLLEGE ALGEBRA. 11$ 

por a; = — 1, S^ is 1 or according as n is odd or even, and hence 

the series 1 — 1+1 — l+'-^is divergent. Note that is 

now \. We have therefore proved the theorem : 

The infinite series 1 + a; + ic* + . . As convergent if\x\<\y and 

is divergent if \x\~ 1, 

An infinite arithmetical progression is always a divergent series. 
If a be the first term and d the common difference, the wth term 
^^ is a + (n — l)d and the sum of the first n terms is (§ 63) 

^n = i«(« + tn) = in[2a + in^ 1)^]. 
.'. limit fiv = 00 . 



71 = CO 



Hence the series is divergent. Since limit ^„ = oo , the preceding 

n = 00 

result may also be derived from tlie theorem : 

In a convergent series^ the limit of the nth term, as n increases 
withmd bound, is zero. 

In proof, we note that S^ and S^-i both have the limit Sy so 
that their difference t^ has the limit zero (§ 105), 

108. Comparison Test. Of two series ivith all terms positive, 

«i + «,+«,+ ••• > «/ + «/ + fl's' + ... > 

let the first be convergent. If a^ ^ a^^from an assigned value of 

n onwards^ then the second series is convergent. 
Let m be the assigned value of n, so that 

^n < ^« (for any n ^ m). 

If 8'^ denote the sum of the first n terms of a/ + «/ -|- . . . , 
and /Sn the sum of the first n terms of a, + a, + . . . , with the 
limit 8y then 
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Hence S'^ remains finite for every value of n. But S^ is a posi- 
tive variable which increases as n increases. Hence there exists a 
number, say S'y toward which S' approaches arbitrarily near but 
does not pass. Thus S'^ has the limit S\ 

Comparison Test. Of two series with all terms positive, 

let the first he divergerit, Jf (^n ^ ^^9 f'^oni an assigned value of 

n onwards, the second series is divergent. 
With the preceding notations, we have 

^n — ^m ^ ^n — ^m (any w= m). 

Since Sn is always positive but does not approach a finite limit, it 
must increase without bound as n does. Hence 

limit S'n ^ limit aS'„ + aSC» — /Sin = 00 . 
n — ao W= GO 

109. The simplest harmonical progression is 1, i, ^, :J-, • . . 

Since the wth term ^ approaches zero as n increases without bound, 

so that the individual terms are ultimately very small, it might be 
supposed that the series would have a finite sum and hence be con- 
vergent. However, by comparing the two series 

we observe that each term of the second is equal to or greater than 
the corresponding term of the first. If the first is divergent, the 
second is divergent (§ 108). But the first equals 

and is divergent. To show that there is a boundless number of 
terms ^ in the last series, we observe that a term } was derived from 
each of the parenthesized groups of 

1 + (i) + a + i) + (i + i + T + i) + a + . . . + A) + • • - 
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the final terms of the groups being o> o2"» oj > oi" > • • • ' ^^ ^^^ *^® 
number of groups is boundless. Hence the series 

is a divergent series, 

110. As a generalization of the preceding theorem, the series 

is divergent if p ~Z 1 and convergent if p > 1. 

Let first/? < 1 (including the case j9 negative). Then 

— > — (for any positive integer n>l). 

Indeed, if both terms of the inequality be multiplied by «, it 
becomes n^~^ > 1 and hence is true, since 1 — jt? is positive. Com- 
paring the two series (1) and (2), we have shown that each term of 
(2), after the first, is greater than the corresponding term of (1), 
which is divergent. By § 108, series (2) is divergent. 
Let next jt? > 1. Comparing (2) with the series 

\^) ■'■ + 2''"^2J^"'"4^~'"4^~'~4^~^4P~'~8^~'~*''' 

each term of (2) is equal to or less than the corresponding term of 

(2'), thus 3^, < 2^» 5^" ^ 4^' • • • ^®^^® ^^ (^') ^® convergent, 
(2) will be convergent (§ 108). But (2') may be written 
1 + 1 + 1.8, _i^fi_l) 

being an infinite geometrical series with tiie common ratio — , which 
is less than unity since p > \. 



is convergent. In fact, «« < — ^^ — —-^s — — 1- Hence each term of 
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111. The series (2), iucluding (I) as a special case, are stand- 
ard series, by a comparison with which a given series may often 
be proved convergent or divergent, as the case may be. 
Example 1. Each term of the series 

is greater than the corresponding term of series (1), since 

n-h 1 1,1 1 
TT n rr n 

Since (1) is divergent, the given series is divergent. 

Example 2. The series whose fiih term is 

w + 8 

n + 3 _ n -f 3/i> _ 4 
n^ < /i' < it 

the given series is less than the corresponding term of 

4 4 4 

which is convergent, being 4 times series (2) for p = 2, 
Example 3. For positive values of x and a, the series 

2 = --\ 1 i^ 4- ...-}- - V- + . . . 

X X -^ a X -\- 2a x -{- na 

X 

is divergent. Multiplying 2; by a and setting y = -, we get 

Let the integer just greater than y be m. Then 

1 , 1 1 1 

w m -\- 1 m -f- a m -\- fn 

the latter being only a part of the divergent series (1). 

EXERCISES. 
Test the series for convergency or divergency: 

'• O + gTS + ^.'+^ICM^"*"" *■ T^B'^2Wl+  • +»(„+ 1)(„+3)+ • 
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g J_. _L_lJLj. a -J L_?_^ ^ _!. 

xy ' (aj + l)(y -f 1) ' (« + Hv + ^) 
10. 1+2-3 + 1-I-2-3 + .-- 

112. An infinite series is convergent if the terms are alternately 
positive and negative^ if each term is nicmerically less than the pre- 
ceding, and if the nth term has the limit zero as n± oc. 

In the series u^ — u^ -\- u^ — u^ -{- . . , , let each u be positive 
and let* 

u^> u^> n^> u^> , . . , ^^^^ u^ = 0. 

By considering the sum of an even number of terms, 

we observe that S^^ is positive. Hence 

is also positive. Writing iSgn + 1 i^ ^he form 

we see that S^^^i < Uy Hence S^^n < '^y Since the quantities S^, 
S^, . . . Sf^, , . . are increasing positive numbers, each < ti^, S^ 
must have a finite limit I slb n increases without bound. But 

limit / o e \ _ li^i* -.. — a 

7J = 00 ^ *" + 1 "" "^^^^ ~" 7J r= 00 ^2'* + ^ "" "' 

Hence a^2„ + 1 also approaches the limit L The series Wj — w, -|- . . . 
is therefore convergent. 

Example. The series 1 — J + i — i + ... is convergent. But 

1 2"^3 4"^' • * 



The student shoujd m^k^ tM proof for the example 1— J + i — i + ... 
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U dlyergent (see end of 1 107), since 

limit » + l 



/i — X /* 



= 1. 



For the latter series the third condition of the theorem is not satisfied, while 
the first and second conditions are satisfied. 

113. In comparing u given series with a standard series, it is 
often eouvenient to remove a finite number of terms of tlie given 
series, the removal of which subtracts only a finite quantity and 
hence does not alter the convergency or the divergency of the given 
series. Thus in 

m i + i . 5' 5» 5^ 5^ 6» 

W ^+l! + 2! + 3! + 4! + 5!+6! + '-- 

it is conveuient to remove the first fire terms, whose sum is finite. 
There remains the infinite series 

5» 5* _ 5'/ 5 5« 5» \ 



^5! 



;['+!+ (I)' + ©• +■••]• 



The series in brackets is an infinite geometrical progression whose 
sum is r = 6. Hence the series (3) is convergent (§ 108). 

114. Theorem. An infinite series all of whose terrns are positive 
is convergent if, after any particular term, the ratio of each term 
to the preceding is always less than some fixed quantity which is 
itself less than unity. 

The terms preceding the particular term in question may be 
removed without altering the convergency of the series, since their 
number is supposed to be finite. * Let the remaining series be de- 
noted by 

^1 + «^ + w, + «*,+ ... , 

and let -' < r, -' < r, ^* < r, . , , (r < 1), 
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Multiplying together the first two inequalities, the first three, etc., 
we find that — < r^, — < r^, etc. Hence 

Wj ^ Wj , w, < ru^ , w, < r^Wj , w^ < r^u^ , . . . 

All the quantities being positive, we find by addition that 

««i + ^^'2 + w, + «^4 + • • • < «^i(l + r + r2 + r^ 4- . . .). 
The infinite geometrical progression in parenthesis has the sum 

, since r < 1. Hence Wj + ^^2 + • • • + ^^n is a positive 

quantity which increases as n increases, but remains < ^| — ^ — , and 

hence has a finite limit. 

But nothing follows in the case r = 1, since l+r+r^+ . . . 4-^~* 
increases without bound as n does. Although u^-\-u^-\- . , , -\-u^ 
is less than the former sum, it may have a finite limit or increase 
without bound. 

115. Theorem. A series with positive and negative terms is 
convergent if the series derived from it by making all the terms 
positive is convergent. 

Since the series with all terms positive has a finite sum 2, the 
sum Sn of the first n terms of the given series lies between — 2 
and + 2. Hence, if we show that Sn approaches a limit as n 
increases indefinitely, this limit will be finite and the series conver- 
gent. Let Pp be the sum of the p positive terms in Sn, and Nq the 
sum of the q negative terms in Sn after their signs are made posi- 
tive. Then ^ 

Sn = Pp-JS^^ (p+q = n). 

Also Pp and JV, are each positive and less than 2, Hence Pp ap- 
proaches a fixed value P, and N^ a fixed value N sls n increases 
without bound, so that either p or q increases or both increase 
without bound. Hence 

limit Sn = P — J^= fixed finite number. 
71 ±00 
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116. In view of the preceding theorem^ the resnlt of § 114 leads 
to the more general theorem : 

Katio Teft. A series is convergent if, after any particular term^ 
the absolute value of the ratio of each term to the preceding is ahoays 
less than sonte fixed quantity which is less than unity. 

ThuSy in the series (3) of § 113, the nth and n -\- 1st terms are 



:n-i 



5» 



{n-l)V n\ 

The ratio of the latter to the former is 5/w. Hence, if n > 5, the 

ratio is at most \ and hence is always < \^, for example. Hence 

the series is convergent. Note that here also 5 terms were remoyed. 

For the series (1), the ratio of the nth term to the preceding 

term is — 5 ■= = = 1 . While this ratio is less than 

n n—1 n n 

unity for every value of n, it is impossible to find a proper fraction 

/such that 1 < /for every n. Indeed, as n = oo , 1 = 1. 

To put the matter in another light, if one assigns to / the value 

.9999, the ratio 1 will exceed f = .9999 as soon as n > 10000. 

n -^ 

Hence the theorem fails to prove the convergency of 1 + J -|- 1^ -j- . , . 
By § 109, the series is divergent. 

Series (3) is a special case of the series 

(4) 1+^+1-+^ + .. .+^^, + |l + ... 

The ratio of the (n + l)st term to the nth term is x/n and is, in 
absolute value, less than a quantity less than unity for all values of 
n greater than x. Hence, if X be the least positive integer equal 
to or greater than | a? | , we need only remove the first X, terms of the 
series, so that in the remaining series the ratio of each term to the 
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preceding shall be ia absolute value always les3 than a fixed quan- 
tity less than unity. Hence series (4) ts convergent for every x. 

117. Aji infinite series all of whose terms are of like sign is 
divergent if after any particular term, the ratio of each term to the 
preceding term is always greater than or equal to unity. 

Kemove the terms preceding the particular term in question and 
denote the remaining infinite series by 

^1 + w, + w,+ . . . , w, = Wi, u^~u^, ... 

. •. Wi + w, + w, + . . . + Wn ^ Wj + t^i + w^ + . . . = nu^. 

Since nW| = oc as w= od, Uy^-\- u^-\- u^-\- . . . vs> divergent. 

For example, the ratio of the wth term to the (n — l)st term in 

q 32 3«-i 3n 



1-2 ^23 ' *" • (n-l)n ' w(w + l) 

is 3(7i — 1) -r- (w + 1) ft^d hence is greater than 1 for all values of 
n greater than 2. Hence the series is divergent. 

Batio Test. An infinite series of positive and negative terms is 
divergent if after any particular term, the ratio of each term to the 
preceding term is numerically equal to or greater than a fixed quan- 
tity r > 1. 

Beginning with the term in question, let the series be 
t^^ -^ t^^ -f t^j -f. . . . , where, for every n, 






>^- 



Hence | ^^n + 1 1 ^ ^" I ^^ | » so that limit | w„ + 1 1 = oo . But a series is 

divergent unless the nW\ term approaches zero as w increases (§ 107). 
118. A more convenient form of the ratio tests of §§ 116, 117 is 
given in the equivalent theorem: 
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If in any series Wi + ^s + ^t + • • • ^^^ exists * a limits 



limit u^^i 



n=ao 



«!• 



the series is convergent »/ i < 1, divergent tfl>l. If I = 1, a 
further test is necessary. 

As an example, consider the logarithmic series (Gh. XVI), 

The ratio of the nth term to the (n — l)Bt term is 

^^_^_(n-l_)^_L_l\ 
n \ nl 

Hence limit | r | = j 2; | , so that the series is convergent if | x j < 1, 
but divergent if |a;| > 1. For a; = + 1, the series is converg- 
ent by § 112. For a: = — 1, the series is the divergent series 
- 1 - i- i - ... (see § 109). 

EXERCISES. 
I. 7^ -f -joT •^-^ -|- ... is convergent if a and h are positive. 

•• r2" 2^+ 8^" F6 + • • • 18 convergent. 

For what values of x are the following series convergent ? 
a? a;* ic* x x^ ix? . 

»• a'+j+f +! + ••• 10. 1 + I + J + J + ... 

"• *-Si + Ki-77 + --- **• 1 + 2-.+ S1 + 4I + - 



» • 



* This limit does not exist for the series l + 2a;-|-x2-|-2aj'4-a?* + 2«* + ... 



CHAPTER XIV. 

POWER SERIES; EXPANSIONS INTO SERIES. 

119. An infinite series of the form 

(1) a^ + a^x + a^ + . . . + a»_iic"-^ +a,a:" + • • • , 

in which each a is independent of x, is called a power series in x, 
since each term involves x merely in the form of a power. It 
may be employed in an investigation only when it is convergent. 
To apply the ratio test of §118, we investigate the limit of the 

ratio — - as n increases without bound. If the limit exists, its 

absolute value equals \x\ -i- 1, where 



, _ limit 






«n 



Noting when \x\ -r- Ms less than 1 or greater than 1, we find that 
The series (1) is convergent if |^| < h divergent tf \^\ > I 
For the case | a; | = /, a special investigation is necessary. 
Corollary. If a power series converges for x ^ a, it converges 

for every value of x numerically less than a. 

120. Suppose that series (1) converges for a: = or, or t^ 0. Then 

for a; = or the first of the following limits exists and is finite: 

the equality being true ^)y § 105. Hence the series a^ + a^ + • . • 
is convergent tor x = a and therefore, by the preceding corollary, 
for every x numerically less than a. In particular, it has a finite 

125 



136 
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value for a; = 0, so that the product x{a^ + fl^,a^ + - • •) vanishes 
for X = 0. We may therefore state the theorem : 

If the series a^ + a^x + a^ -^ ... is convergent for a vahie 
of X different from zero, the series approaches the limit a^ as x 
approaches zero. 

121. Theorem. If the two infinite series 

a^ + «iX + «i^^ + • • • + tt«35* + • • • » 
A, + b^x -f- b^ + . . . + ^n^ + • • • 
are convergent for x = a^ where a is some quantity different from 
zero, and if the series are equal for every value of x such that 

, then «o = *o> «i = ^i> • • • > «n = ^n> • • • > ^^^ ^^ ^^^ 



a 



series are identical. 

By the preceding theorem, the series approach the respective 
limits a^ and b^ as x approaches 0. Hence a^ = b^^. Then 

a^x + (^r"^ + . . . , b^x -{- b^ + • • • 
are equal and are convergent for x ^a. Hence 

a^ + a^ + . . ., bi + b^ + . . . 



are equal and are convergent f or < a; — : a . As before, these 

series approach the respective limits a^ and b^BS x approaches 0. 
Hence a^ = b^. Proceeding similarly, a, = &,, . . ., a» = 6n> • • • 

The theorem is a generalization of that on rational integral 
functions, §78. 

Hence, under certain conditions, we may equate the coefficients 
of like powers of x in two power series. This principle mdy be 
applied to the solution of problems involving infinite series with 
undetermined coefficients. 

122. The expansion of a function into a power series is valid 
only when the resulting series is convergent. For example, 

— — , l + X']-iifi'\-a^-\-... ad in^mtum, 
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are equal if | a; | < 1, but not if | a; | > 1, Thus, for a; = 2, the 
fraction equals — 1, while the series has an infinite sum. 

Example 1. Expand (1 — a?)/(l -j- ^) into a power series. 

We seek a power series convergent for values of x such that x ^ U^ » 

and equal to the given fraction for those values of x. Employing undeter- 
mined coefficients, we set 

\ — X 

^ « — a -{- hx -Y eoi? -\- da? -f «r* + . . . 

Multiplying both members by 1 + ^> we have 

1 - x = a-\-bx^(a-{- c)x'^ + (5 -|- <?)ar' + (c + d)a5* + . . . 
for all values of x for which the series is convergent. Then 

a = l, ft= — 1, a + <j = 0, h -\- d = 0, tf-f-tf = 0, ... 

\ — X 
. •. J = \ — X — x^-{-x?-\-<i^-^,.. (when convergent). 

That values of x do exist for which the series is convergent follows from 
the more direct derivation of the series by means of the expansion 

holding for ic* < 1, namely, for — 1 < a? < + !• 
Example 2. Expand ^\ —x into a power series. 

Assume |/1 — « = a -f 6aj -f ca?* -|- efoj* -h ««* -h • • • 
For values of x for which the series is convergent after its terms are made 
positive, the square of the series may be found by the elementary rule for 
squaring multinomials. Hence, for such values of a;, 

1 -'a; = a* -f 2df>x -f (b^ + 2ac)^ + (26m? + 2bc)7? -f . . . 
.-. a« = 1, 2ab = - 1, 6« + 2ac = 0, 2ad -j- 26c = 0, . . . 

For the positive square root, a = + 1- Then 6 = — J, c = — i, d = — ^i^. 

X x^ Q? 



In the next chapter this series is shown to be convergent if | a; | < 1. 

Example 3. Expand .— ; — -. — ^, — = mto a power series. 

By the method of partial fractions (Chapter VIII), we get 

5a;« -I- 4a; + 3 _ 2 3a;-t-l 

•^-(1 •\-x)(l+Q?)~ 1-f a?"*" 1 + a;^* 
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Then, if a-' < 1, the following expansions are yalid: 
2 



l-h« 



= 2|l-a5-|-a^-a!«-f ... + (- l)»a* -| }^ 



.•./=8 4-ajH-jr»-5aj>-f ...-|-j2 + (-l)«}aj*»4-{-2 + 3(-l)»}aJ*» + »-f ... 

123. The revertion of a series y = a^-\' a^x -\- a^ + . . . 
consists in expressing a; as a series in ascending powers of y, 
a; = ^^ + ^i^ + *iy^ + • • • The method is applied only to conver- 
gent series and the solution is valid only when the resulting series 
is convergent. If a^ = 0, then y = if a; = (§ 120), so that 
\ = 0. If a^j =^ 0, set y — a^ = 2f ; after reversion, 

a; = c^a; + c/ + c,«3 + . . . E c^i^ — a^ + c,(y - a^^ + . . . 

Example 1. Effect the reversion ofy = aj — 2a^-f3a5'— 4aj*4-... 
Assume a? = ay -f iy* + cy* -h <*y* + • • • Substituting the value of y, 
we get 

jB == cK« - 2aj»H-8«»--...) + &(aJ--2aj» -I-.. .)«-|-<K«-2a^ + ...)'-fd(«--.. .)*+... 
= 005 -f (6 - 2o>r" 4- (<5 - 46 + 8a)a^ -f (d - 6<j + 106 - 4a)fl;* + . . . 

We find in succession that a = 1, 5 =r 2, e = 6, d -= 14. Hence 

a? = y + 2y» + 5y» + 14y* + . . . 

Example 2. Find a series in y that will give a solution of a;* - 2fl; -f- 8 = y. 
Setting y — 3 = «, we have z — o^ — %x. Hence z changes in sign when % 
does. Hence the required series for x contains no even powers of z. Set 

.-. X = a(-2aj + ar») -f 6(-2aj + a;»)» + c( - 2aj + aj«)*-|- d(-2jj + «!>)» -|-. .. 
= - 2oaj + (a - 86)aj» + (12& - 32c)aj* + ( - 66 -f 80c - 128<f )«' -{-... 



1 ._:ii _:i3 ,_-8 

T' 16 ' ^ "" 128* 266' 



•'• ^ = — 'TTt 6 = -TTT* ^ =^ ToS» ^ ^= AKA> • • • 



. •. « = - i(y - 8) - ,^,(y - 3)» - ^{y - 3)* - rf»(y - 8)^ + . . . 

The solution x is valid only for values of y for which the series is convergent 
The fact that the coefficients of the even powers of z are zero may also be 
verified by computing them directly, as was done for the odd powers. 
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EXERCISES. 

Expand to five terms in ascending powers of x : 

2 -|- aj . 2-1-3^ 1 

*• (TT^* *• ♦^^ "^ ^- ^- l-aj + a5»- *' 2aj»-a^- 

»• f+T+ii?-- •• r+^T^ • '• <i - *) • '• <* + *> * 

Find the coefficient of the general term in the series for 
9. .. ^. . ,., 10. .-A;!??. ,. 11. ^±i. 12 ' 



• (l-«)(l+«»)' l + 3aj4-2aj»' a? + sb*' »■ + « 

Obtain the reversion of each of the series 

18. y = a? - aj« + «» - ic* -f . . . 14. y = aJ + y+ -5 + y + -^^ • 

Solve by series the equations 
16. y = « - «». 16. y = 1 + 2a^ + 4aj* -t- (ku^. 17. y = 1 4 «-[-«». 



CHAPTER XV. 
BINOMIAL THEOREM FOB ANY INDEX.* 
124. Consider the power series in x 

(1) l+«x+ --i^^+' • •+ 1.2.3. ..r ^ + • • • 

If n is a positiye integer, the series is a finite series terminating 
with then -f Ist term, since the {n -\- 2)nd and all subsequent terms 
contain the factor n — n. In this case the series is the expansion 
of the binomial (1 +a:)* [see the proofs in §§ 91 and 99]. 

When n is not a positive integer, the series is aft infinite series, 
since no one of the fectors n — 1, w — 2, . . . can now be zero. The 
first step in the study of the series is consequently to determine for 
what values of Xy if any, the infinite series is convergent. We 
employ the ratio tests of §§ 116 and 117. The (r + l)st term Ur^i 
is exhibited in the series (1). The rth term is consequently 

_ n(n - l)(n ~ 2) . . . (n - r) ^^_, 
^-- 1.2.3...(r-l) • 

Hence this ratio approaches — 2; as r increases without bound. Its 
absolute value will ultimately become greater than unity if | a; | > 1, 

so that the series is divergent in that case (§ 117). But for | a; | < 1, 
the absolute value of the ratio will be less than some fixed quantity 
which is itself less than unity for all values of r which exceed 

*The theorem was discovered by Sir Isaac Newton. The proof given 
is a modification of that due to Euler. 

130 
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a certain number and therefore the series is convergent (§116). 
For example, if w = 6^, a; = — |, the ratio will be a positive frac- 
tion for r ^ 3. [It may be shown* that the series is convergent 

for a: == 1 provided 74 < — 1, and for a: = — 1 provided 7i > 0.] 
The series (1) is convergent if x is numerically less than unity y 

but is divergent if x is mimerically greater thari unity. 

125. Suppose that x has a fixed value which is numerically less 

than unity. The series (1) has a finite sum whose value depends 

upon n\ we denote the sum by /(n). Then the series 

(2) iH-„,^+ ^^^^^+ • • • + "'^'""^l:^ : ^'"~" ±^a^'-+. . . 

will have the finite sum f(m). If the series (1) and (2) be multi- 
plied together and the product be arranged according to ascending 
powers of Xy the coefficient of x will evidently be 7i + w and the 
coefficient of 7? will be 

nln — 1) . . m(m — 1) (n + m) (n + m — 1) 
___ + „« + _^__= n^^ J. 

Likewise, the coefficient of ^ is seen to equal 

(w + m){n + m — l){n + wi — 2) 

r2T3 * 

As far as the first four terms, the product-series is of the form (1) 
when n is replaced by n + m, giving series (4). We proceed to 
prove that this result holds true for all the terms of the product- 
series. This is readily proved for the case in which n and m are 
any positive integers. For, in this case, the series (1) is the expan- 
sion of (1 + ar)" and series (2) is the expansion of (1 + a:)"*, so that 
the product is (1 + xY "'' "*, whose expansion is the series (4), since 
71 + w is a positive integer. Hence, if n and m are positive integers, 

(3) fin) xf{m)=f{n + m). 

* Chftrles Smith, TreaUse on Algebra, Art. 338. 
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Since n and m are arbitrary positive integers, they must be rep- 
resented by general letters, the restriction to positive integers 
being supplementary and not expressed in the notation for n and m. 
On account of the generality of the notation for 7i and m, the way 
in which the coefficients of the series (1) and (2) combine to give 
the coefficients of the product-series must have been b, formal process 
independent of the supplementary restriction that m and n are posi- 
tive integers. The argument is based upon a principle known as 
'* the permanence of form." Its validity in the present case is 
established in §126. Hence the fortnoi the coefficients of the 
product-series remains the same when that restriction is removed, 
so that the product-series is 

(4) /(n + w) = l-\r{n + m)X'\-^—^ — '-\^ ^ar^-|-.,. 

whatever the values of n and m may be. Since | a; j < 1, the latter 
series is convergent. Formula (3) therefore expresses the relation 
between the finite sums of the three series (1), (2), and (4). 

126. To give an explicit proof of formula (3), consider the 
coefficient of x^ in the product-series, r being a fixed positive 
integer. It is clearly the sum -S of r + 1 terms, one of which is 
the coefficient of x^ in series (1), and another the coefficient of af 
in series (2). We wish to prove that this sum 2 equals 

^_ (n + m){n -j- m — 1) . . . (w -f m — r -f- 1) 
^^ 1.2. . .r ' 

Multiplying both 2 and /by r!, the equation to be proved is* 
n{n — 1) . . . (w — r + 1) + rmn{n — 1) ...(» — r -f 2) 

+ . . . -f m{m — 1) ... (m — r +1) 
= (w -}- m){n + m — 1) . . . (n -f m — r + 1), 



* Denoting for brevity the product p(p — 1)( p — 2) . . . (p — « -j- i) hyp^ 
the relation is 

and is known as Vandermonde's Theorem. Compare Ex. 14, p. 99. 
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in each term of which n and m enter to the degree r. Now the re- 
lation has been established for the case in which n and m are both 
positive integers. Let n be an arbitrary quantity and let the rela- 
tion be expanded and the terms arranged according to descending 
powers of n. We obtain an equation of the rth degree in n. Let 
m be any particular positive integer. Then the equation is satisfied 
by an infinite number of values of n, namely, the positive integers. 
Hence (§ 78) the equation is an identity in n and is satisfied by every 
value of n. Hence the relation is established for n arbitrary and m 
any positive integer. 

Consider the original relation for any particular value of n, 
whether or not a positive integer. We expand the members of the 
relation and arrange the terms according to the powers of m, 
obtaining an equation of the rth degree in m. By the previous 
case, this equation is satisfied by all positive integers m, whose 
number exceeds r, and is consequently satisfied by every value of rru 
Hence the relation is true for n and m both arbitrary quantities. 

It follows that ^ =/and hence that the product-series is iden- 
tical with the series (4). 

127. By repeated application of (3), we find that 

f(n) Xf{m) Xfip) X . . . Xf{q) =An + m+p+. . . + q). 

Let there be s terms n^ m, p, . . . , q and take each equal to the 
fraction r/s, where r and s are positive integers. Then 

Since r is a positive integer, /(r) = (1 -|- xy. Hence 

r . ^ 

Hence ^ if n is a positive fraction - , series (1) equals {\-\-x)s. 
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In the identity (3) put n = — m. Then 

/(«»)X/l-m)=/(0) = l. 

if m is a positive fraction. Hence if n is a negative fraction^ series 
(1) equals (I -f- ^Y* We may now state the final theorem: 

If X is in absolute value less than unity, and ifn is any rational 
number^ we have the expansion 

(5) (1 + X)» = 1 + WX + ^^^ ' 7? + -^^ j-|^^ '■'T? + . . . 

This result is known as the Binomial Theorem. 

Since any real number may be approximated to any desired 
degree of approximation by a rational number^ we can establish, by a 
limiting process (§ 16), the Binomial Theorem for any real index n. 

IM. Example 1. Expand (1 + ')~^by the binomial theorem. 
If 1^1 < If formula (5) gives, for n = — 1, the result 

(l + *)-i=l + (-l)^ + ^^V + ... + ^=^^^^ 

= l-aj-faj»-«» + ...-f(- \Y7^ H- . . 
The resulting series is an infinite geometrical progression with the ratio 

— JT. Hence (569) its sum is when x\ < 1. 

Example 3. Expand Vl — y by the binomial theorem. 
Setting — y = a;, « = 1, formula (5) gives, if | y | < 1, 

This result agrees with that obtained by undetermined coefficients (§ 132). 
Example 3. Find i^99 to six decimal places. 

upon setting p -^ .01 in the formula of Ex. 3. .-. 1/99 = 9.949874 -f. 
Tlie terras beyond the fourth do not affect the first eight decimal places. 
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Example 4. Find ^^^66 to six decimal places. 

= 4(1 + .0104166 - .0001085 + .0000019 - . .) = 4.0412400. 

EXERCISES. 

Expand to four terms and give the (r -f- l)st term: 
1. (1 + «)-*. 2. (1 - a?) -3. 3. (1 - 3aj)4. 4. (2 - 3a;)5. 

6. V^-^x". 6. >-]-— 7. x'il - ^)\ 8. faj»-a!«. 

Find to five decimal places the value of 



9. 4/47. 10. f 126. 11. f 1002. 12. f 3128. 

18. Find the coefficients of x^ and a^ in (1 + 2ir -f 3ar*) - «. 

2 — 25^ 

14. Find the coefficient of x^ in the expansion of -3— — . j. 

16. Find the coefficients of a^"*, a:^"* - ^ a^»» + Mn (1 + a; -j- a^) - *. 

16. The coefficient of it* in (1 — a; -f a^ — aj* + a^) ~^ is zero. 

17. The coefficients of a^ and a;' in (1 -|- a; -|- ar* -|- ar*) - ^ are zero. 

18. Prove that (1 - a;)-« = 1 + 2a; + 8a5« -f . . . -\- (r -{- Ijx'^ -^ . . . 



CHAPTER XVI. 
EXPONENTIAL AND LOGARITHMIC SERIES. 

129. If n > 1, we haTe, by the Binomial Theorem, 

(1 \"'_ 1 I *•* I fix{nx — 1) nx{nx — l){nx — 3) , 
^ + ny ~ "^n""^ 2! n» ^ SH? +*•' 

_   -  'g('g - l/») . 'g(^ - l/n){x-2/n) , 
For the case z = 1, we have 

a result true for any vaiae of n > 1. Taking the limit as n in- 
creases without bound, we get 

The general term of the series on the left is 

?: = lin^it a;(a: - l/n){x - 2/n) . . . \x ^ (r -- l)/n\ 



r\ „,^ 1-2.3. ..r 



136 
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For small yalaes of r this evalnation of the limit is evident. To 
prove that the result holds true when r becomes large, we denote by 
u^ the fraction whose limit we seek. Then 

\x-(r- !)/»} _ tx 1 1 \ 

.'. limit Ur'=- limit Wr-i« 

But the limit of u^ was seen to be r-r; hence the limit of t^, is ;7i-. 

' 2! '3! 

By induction, it follows that the limit of u^ is x^'/rX- Set 

(1) , = i + i + ^ + A- + ij- + ...+J^+... 

The above result may now be written 

(2) «'=l + a: + ^j +^ + ...+^+... 

To evaluate «, notice that jy is one-fourth of ^, etc. Hence 

6 = 2 + .5 + -.1666 + .0417 + .0083 + .0014 + .0002 + . . . 

Hence e = 2.7182 to four decimal places. To ten places, we get 

(3) « = 2.7182818284. 

We may now expand a* into a power series in y. Since 

a = ^*^e«, a» = e"* ^*«.% 

by the third law of indices. Putting x = y log^a, series (2) 
gives 

(4) a^^l + y log^ + l^f{\og^y + ^y^(log.«)« + . . . 

This result is known as the Exponential Theorem. The relation (2) 
is valid for any a:, and (4) for any y. 
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130. We may give a second proof of the result (2), following 
the method employed for the Binomial Theorem (Chapter XV). 
Set 

F{x) = 1 + X + ^ + ^+ . . . +^ + . . ., 
F(z) = l + z + ~+^+... +^+..., 

F{x + z) = l + (x + z) + ^^^ + . . . +^^±^ 

For every value of x and z, these series are convergent (§ 116). 
Form the product of the series F{x) and F(z). The coefficient of 
a:'"^* in F(x) • F{z) is 1/ (j'lsl). But a;V occurs in the series 
F{x + z) only in the expansion of the term {x -\- zy '^ ' -^ {r -\- s) I 
and occurs there with the coefficient (as shown by the Binomial 
Theorem for positive integral index) 

1 (r + g) ! _ 1 



{r+8)l rlsl rlsr 

Hence the series obtained as the product of the series F{x) and 
^(2;) is identical with the series F{x + z), 

.-. F{x)- F{z) = F{x + z), 

for all values of x and z. It follows that 

F{x,) . F(x,) . F(x,) . . . F(x^) = F{x, + x, + x,+ ... +x^), 

for any positive integer n and any values of x^,x^, , . . ^Xn* Taking 
the particular values a;j = a;, = . . . = a:„ = 1, we get 

{F{1)}- = F{7i). 

But F{1) = l + l + -p+...=e. Hence F(n) = e~, so that 
(2) is proved for the case x = ?/, a positive integer. Taking next 
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the particular values a:^ = a;, = ... = a?» = — , where m also is a 
positive integer, we get 

By the case just established, F(m) = e^. Hence 



^) = y 






Hence formula (2) is proved for the case x = — , a positive frac- 
tion. To extend the proof to the case x = —f^ f being a positive 
fraction, we note that F(-'f)'F{f) = F{0) = 1, whence 

Hence formula (2) holds for all rational values of x. By the 
method of limits (§§ 16, 105), the result may be extended to any 
real values of x, 

131. Example. Find the sum of 1 + -^ + X? "^ "«? "i" • • * ^^ infinitum. 

4i\ 4! 01 

For « = -|- 1 and a? — — 1, formula (2) gives 

2 2 2 

... a+.-.=2 + _+- + - + ... 

The required sum is therefore i(« + d- ^). 

EXERCISES. 

1. Show that ^.-. = 1 + 1+^ + 4; + ... 

2. Evaluate ^/^ ._ ft« 4. i_(,^4 _ ^4) ^ ^ /^s _ ji) ^ _ ^ 

3. Expand (^'-^ -f ^'■) ^ f?*-' into a power series in x. 

1» 2^ 33 43 

4. Prove that 5.= -+ 2,+ 3-,+ -^- + ... 
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11 2« «i 

6. Prove that« = l + ^,-h aj + T, + • • • 

7. Flndtheeumofl-l-^-f ^ + ^*H-.. 

132. Theorem. If | a; | < 1, log, (1 + ^) equals the sum of 
the series 

(5) x-^ + j-^ + ...-(-irf + ... 

Substituting 1 4- ^ ^or a in the equation (4), we get 

Also by the Binomial Theorem, we have, when | a; | < 1, 
(l+x)»=l+ya:+fcll:,^+. . .+y(y-l) • • ;(y-r+l)^._^ . . , 

In the second member the coefficient of y is 

, + (z±V+...+ (-')(-»)_;,-(- + 'V +..., 

which, upon simplification, is series (5). The coefficient of y in 
the series 1 + y log, (1 +a;) + . . . is log^ (1 +a:). Since the 
two series are equal for all values of y, we may equate the coeffi- 
cients of like powers of y (§ 121), so that the theorem follows. 
By equating the coefficients of y^, we find, similarly, that 

m 

133. Replacing a: by — a:, we obtain from (5), for | a; | < 1, 



(6) log, (1 ~ a:) = - .T - - 



x^ x^ x^ x^ 
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Subtracting from (5) and using log ~r = log a — log h, we get 

(7) log.l±^ = 2(a:+^+j+y +...)• 
Substituting in (7), 

a: = ; , so that -— ^ — = — , 

m + ny 1 — x n 

we get, for any positive values of m and n, 

(8) log.^=2J^^^+-(^ + -^^_^-J +-7fej +•••[• 

134. Table of logarithms to the base e = 2.71828 +; natural 
logarithms. For m = 2, w = 1, formula (8) gives 

log. 2 = 2ii + i- (i)» + mr + Hiv +-■■}, 

from which we get loge 2 = .693147 to six decimal places. 
For m = 3, w = 2, formula (8) gives 

log. 3 - loge 2 = 2 {^ + 1(1)3+^(^)5 + 1(1)7+ . . .} 

= 2{.2 + .002667 + .000064 + .000002} 
= .405466 (to six decimal places). 

By carrying the work to more places, the sixth place is seen to be 5 
instead of 6. Adding log^ 2, we deduce log« 3 = 1.098612. 

For 7w = 5, n = 3, formula (8) gives loge 5 = 1.609438. 

We may now deduce log^ 4 = 2 log^ 2, log^ 6 = log^ 2 + log^ 3, 

loge 8 = 3 loge 2, loge 9=2 loge 3, loge 10 = log^ 2 + loge 5. Wc 

get loge 7 from (8). We thus get the numbers in the second column 
of the following table : 
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A' 





lopio iV 


1 





2 


0.693147 


.301030 


3 


1.098612 


.477121 


4 


1.386294 


.602060 


5 


1.609438 


.698970 


6 


1.791759 


.778151 


7 


1.945910 


.845008 


8 


2.079442 


.903090 


9 


2.197225 


.954243 


10 


2.302585 


1.000000 



To obtain log,o K^ we multiply log^ Nhy [see 



19] 
= .4342945. 



log. 10 2.302585 
Hence the numbers in the third column of the table are derived 
from the corresponding numbers in the second column by mul- 
tiplication by the constant .4342945, which is called the modulus 
of common logarithms (namely, logarithms to the base 10). Loga- 
rithms to the base e are called natural logarithms or Napierian 
logarithms (in honor of their discoverer, Lord Napier). 

135. Interpolation. For 7n = n -\- a and m = n -\- h, formula 
(8) gives 

log. (;,+«) -log. n=2 j ^^:p^+ 3 [^^-^j + -i-- 



5 \2n+ 



a \5 



log. (»+j)-iog, „=« I j-i-j + i (2^^)'+ 1(2^4)'+ •   

If a is relatively small compared with n, the 3rd, 5th, and higher 
powers of a -^ (2/* -|- a) may be neglected for approximate results. 
Similarly for h. Then, approximately, 
(9) {log (w -fa) — logn| } ,\\og{n+b) — \ognl= a : 5, 

-r- - — T—r: = -^ . - — ^P- and the last factor differ 



since 



from 1 by 



2n '\- a ' 271 -\- b h 2n -\- a 
a — h 



2n -\- a 
hold for common logaritlims base 10. 



If (9) holds for logarithms base e, it will also 



Sec. 136] COLLEGE ALGEBRA. I43 

To consider a numerical exann)le, let the base be 10 and let 
n — 4550, a = 2, * = 10. Then ^r-^. — = — ^ = .00023 to five 

decimal places; - — —7 = ^t.- = .00110 to five decimal places. 
^ /tn -\- 911 ^ 

Their cubes may be safely neglected. By a Table of Logarithms, 

log 4550 = 3.65801, log 4552 = 3.65820, log 4560 = 3.65896. 
. •. log 4552 - log 4550 = .00019, log 4560 - log 4550 = .00095. 

Hence by the formulae or by the Table, the differences of the loga- 
rithms are approximately proportional to a : ^, viz., 1 : 5, so that 
(9) is true. To pass from the results given by the formulae 
(base e) to those given by the Table (base 10), we must employ as 
multiplier the modulus, practically .4343 in value. Multiplying 
loge 4552 - loge 4550, of value 2 (.00022), by .4343, we get 
logio4552 — logio450, of value .00019. 

For relatively small differences in the numbers ^ the logarithm's 
increase is approximately in proportion to the number's increase. 

186. Example 1. Expand log«(l — aj -f a?*) into a power series. 

log (1 -f aj + «») = log ^-^ = log (1 + a^) - log (1 + x) 

The coefficient of a?" is ^ if n is not divisible by 3, but is ( — 1)»» if 

fi n 

n is divisible by 3. 

Example 2. If a, ft are the roots of ««' -f- ^^j 4- j = 0, then 

log {a-hx-{- ca;«) = log a + — y-^^ Y^ "*" F^^ " ' 

h e 

By § 32, we have a -\- /S = , a/S = —. Hence 

(Id 

a — bx -{- ex^ = a(l -|- aa;)(l + y^) 

.-. log {a-bx-\- ex") = log a -^ (ax - ha'x" + . -. ) + {/3x - i/S^x" + ...). 
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Example 3. Prove that e is incommensurable. 

Suppose that e = —, fn and n being positive integers. Then 

n=^"^^+2!"^ 31 +•••+. 1^1+ {n + 1)! + 
Multiply both members by n I 

.. n^n-iy. = integer + -L-^ + ^^_^^j;^_^g^ 4 (;>+ix>^+aXn+3) +- 
The series beginning with l/(n + 1) is less than 



w -h 1 ^ (» -h 1)^ ' (» + 1)* ~ n 

Hence the sum of the series lies between — r-^ and - and is therefore a 

proper fraction. Hence would the integer m(n — 1)! equal an integer plus a 
fraction. Since this is impossible, e cannot equal a fraction. 

EXERCISES. 

1. Find the general term of the expansion of loge (1 -f- a; -f aj* + aj*). 

2. Find the general term of the expansion of log« (1 — 3aj -}- 2a;*). 

3. Ify = a;--^+-^--^+. , thenar = y+^ + |^-h... 

4. loge{n + c)- loge(n - ,) = 2 [i--f ^+ ^-f ^ + • • •). 

^ 1 o 1, 1 , 1 , 1 , 

6. log.2-^+jT2T3+3T4754-5T6T7 + -.- 

^ , r + » 2r« 1 / 2r« y. 1 / 2r< y^ 

- «--l , 1 a;-^ - 1 , 2 g" - 1 , 
*• lo«« * - ^-+1 "^ 2 (a? + 1)^ "^ 3 (aj-f-l)*"^- 



CHAPTER XVIL 
SUMMATION OF SERIES. 

137. The method of undetermined coefficients (Chapter VIII) 
and the method of mathematical induction (Chapter XI) have been 
employed to effect the summation of certain classes of series. Like- 
wise, the sum of an arithmetical or a geometrical progression has 
been obtained (Chapter VI). We here discuss methods of greater 
generality for finding the sum of a series 

^1 + «*, + «^8 + • • • + ^n + • • . 

In case the series is an infinite series, the result is valid only when 
the series is convergent. 

For an arithmetical progression of common difference d, we 
have u^i — u^z = d = Un — u^-i , whence w„ — 2w^i + u^^ = 0. 
The latter relation is called the generating relation, since the series 
may be constructed by means of it. Thus, taking ?/ = 3 and 4, we 
get t/g = 2ii^ — u^ , u^ = 2w, — -Wj = 3^3 — 2u^. The series is there- 
fore Wj , ti^ , 2w, — u^ , 3^2 — 2Wj , . . . , of common difference u^ — n^. 

For a geometrical progression, the generating relation is 
Un — r^in-i = 0, r being the common ratio. Inversely, every two- 
term generating relation leads to a geometrical progression. 

138. In general, a series u^-j- u^-\- u^+ . . . is called a recur- 
ring series of order k, if it has a generating relation of order Jky 

Un + CyUn-i-i- C^Un-% + . . . + Ckiln-jc =0 (^j , • • • , C^ COnstauts), 

145 
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which holds true for n = k -\-\, k-\-2,^ . . ., on to the end of the 
series when the latter is finite, but holds ad infmitum when tlie 
series is infinite. 

In addition to the above examples^ consider the series 

Since it is not a geometrical progression, the generating relation, if 
one exists, must be of order at least two. Trying the value k = 2, 
we have u^ + CjU„_i + t\u„_2 = for w = 3, 4, . . . Hence 

wa;*-* + c^{?i — l)a;»-* + c,(w — 2)af^ = 0. 
.*• n{x^ + c^x -\- c^) — c^x — 2c, = (for ?* = 3, 4, 5, . . .). 
.-. a^ + c,x + c, = 0, — CjX — 2c, = (§ 78). 

Hence there is a generating relation w„ — 2xu,^i + ^u^-^ = of 
order two. But this generating relation determines the above 
special series only when it is also given that u^ = 1, w, = 2x. In 
fact, the relation only expresses w, , u^, . . An terms of u^ and w,. 

139. In general, a generating relation of order k determines a 
particular series only when the first k terms of the series are given. 
On the other hand, if it is known that a series has a generating 
relation of order ky but the constants Cj, c, , . . . , c^ are not 
known, we must have, in addition to the first k terms of the series, 
the next k terms in order to determine Cj , . . . , c^. 

If the general term is given, the preceding conditions are 
evidently satisfied and the generating relation is found as in the 
above example. 

Example. Find the generating relation of the recurring series 

l+aj + a;2 + 2ajs-f 3jj^+2a?6 + 2aj«+7a;''+ . 

If the generating relation were of order two, «»+ CiWn-i + <'2tA„_2 = 0, 
we would have od' -^ CtX -\- e-t — 0, 2aj^ + dx^ -\- c^x = 0, whence a? = 0. Assum- 
ing, therefore, that the generating relation is of order three, 
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^e have, for » = 4, 5, 6, the conditions 

cxx^ 4 CiX -f rs = — 2aj*, 

2ciJi? -\- e^x^ + CsJ; = — 3ir*, 
3c,a:* + 2car* + Czx"- = - 2x^. 

Hence Ci = — x, c» = 2a^ e% = — Saj*. The conditions for 71 = 7 and 8 are 
seen to be satisfied. Hence Un — xun - 1 -f 2a^Un - 2 — Sx'^Un -3 = 0. 

140. Problem. To find the sum of n terms of a recurring series 
of order two, 

Sn = a^ + a,x + a,x^ + (i^^+ - . . + a„- 1^:"-*. 

Let the generating relation be ?<„ + P^f^n-i + ^^^«*n-t = 0. Then 
pxSn = pa^ + pa,x^ + . . . 4. pun.^x''-^ + pa^^^z^ 

Since 

1 + />-^ + ?^ 

Let a; be a value for which the series is convergent, so that (end of 
§107) 

limit an-iX^"^ = 0. 
nz=: 00 

Then a^^^ and a^-yXS^^^ will also approach the limit zero. Hence 

For a recurring series of order one or three we find, in a similar 
manner, that the sum to infinity is, respectively. 



1 + P^^ \-\- px'\- qx^ + ra^ 



14^ SUMMATION OF SERIES. [Ch. XVII 

the generating relation being, respectively. 

For the series of § 138, we have a© = 1, ai = 2, p = — 2, gf = 1. 
• 5 — 1 ;= — \ =(1—3?^ -8 

For the series of § 189, /(» = 1, ai = 1, a, = 1, j> = — 1, ^ = 2, r = — 3. 

. ___1±^__ 

141. The fraction obtained as the snm to infinity of a recurring 
series is called the generating fraction, since the series may be ob- 
tained by the expansion of the fraction (§ 122). 

When the generating fraction can be expressed in terms of 
partial fractions, whose denominators are powers of binomial ex- 
pressions, the general term of the recurring series may be readily, 
obtained by the binomial theorem. 

For example, the series \-\-^x — \fa? -\- ST** — 159a^ + • • • has the gen- 
erating relation i/» -j- 2a?t/„ _ i — 3a^t/„ -2 = 0, so that (§§ 140, 80) 

1 4- llg ^ 3 2 

*~l + 2a;-3ic2"" 1 - « 1 + 3a; 

= 3(1 ■\-x-\-a^-\- . . .-f aj'-^ . . .)- 3(1 - 3a; + 9iB*- . . . +(-3a;)'--i X 

in which the coefficient of a?'' is 3 — 2(~ 3)**. 

EXERCISES. 

Find the generating relation, the generating fraction, and the coefficient 
of af , of the recurring series : 

1. 1 + 4aj - 2aj' -f 10:r=^ - I4ar* -f . . . 

2. 1 _ 5aj + 34a?2 - 260^^ + 2056a?* - . . . 

3. 5 - 8a? -+- mx" - ITGar* + 800a?* + . . . 

4. 1 4- 6a? - 4a?-^ - ^x^ - 112a?* - 32aj^ + 704a* 4- - . . 

5. 1 - 5a; -f 9a-'- - 18ar< 4- . . . 6. 2 4^ 3a? 4- 5a'« 4- 9aj» 4- . . . 
7. 4 - 5a? 4- 7a?2 - lla?8 4- . . 8. 1 + 7a? - a?* + 43a;» 4- . . . 
9. 1« 4- 2« + 32 4- . . . 4- n^. 10. 13 4- 2« 4- ... 4- n\ 
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THE METHOD OF DIFFEEEITCES. 

142. If the first term of any series is subtracted from the secoiad 
term, the second from the third, etc., a series is obtained which is 
called the series of the first order of differences. Proceeding simi- 
larly with the latter series we obtain the series of the second order 
of differences of the original series. Similarly, we obtain the series 
of any order of differences. 

Series: u^^ w„ w,, w^, . . . 

1st order differences: u^ — u^, w, — w,, w^ — w,, . . . 

2nd order differences: ti^'—2u^-\-u^, ^4— 2?^,+^3» • • • 

3rd order differences: w^— S^/j+Sw,— i/j, . . . 

Denote by D^y /),, Z),, . . . , the first terms of the series of the 
Ist, 2nd, 3rd, . . . , orders of differences, respectively : 

/>! = w, — Wj, Z>2 = ?/, — 22/, + ^^i» A = ^4 ~ 3^^8 + ^^'a "" ^^» • • • 

.We observe that the expressions for u^, w,, n^ have the same coef- 
ficients as the binomial coefficients in (a + by, {a + bY, {a + b)^. 
We proceed to prove by mathematical induction that 

(1) n^^, = u, + nD, + —^D, + . . . + n^ A+ • • • + i>„. 

Suppose that the theorem has been verified for any series as far as 
the {m + l)st term (as has been done for m = 1, 2, 3). Hence 

(2) w« + 1= ^h+mD,+^C,D,-^^C,D, + . . . + ,„^, Z>, + . . . + /)^. 

Writing the analogous formula for the series of the first order of 
differences u^—u^ = />„ ?^— ^'2. . . . , n^ + i—u^, w^ + 2— ^m + i, • . . , 
the first terms of whose 1st, 2nd, 3rd, . . . , orders of differences are 
i>,, />,, Z>^, . . . , respectively, we get 

(3) W« + 8 — «*m + l 
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Adding (2) and (3), and applying .,(7, + « (7,. »= ^^,C, (§89), 
we get 

But this is formula (1) for the case n = m -{- 1. Hence, if the law 
holds for n = m, it holds for w = m + 1. But the law holds for 

n = 1, 2, 3. It therefore holds for any positive integral value of «. 

j 

Example. For the series 5, 8, 11, 14, ... , the series of the first order of 
differences is 3, 3, 3, ... ; that of the second order, 0, 0, . . . Hence D^ — 3, 
2>, = 0, 2)3 = 0, . . . , Dr — 0. Hence Vn + 1 = 5 -I- 3/i; this result may also 
be derived as the (n 4- l)st term of an A. P. of common difference 3. 

143. Problem : To find the sum S^ of tJie first n terms of tJie 
series 

(4) Vj, v., V,, r^, . . . , Vn, . . . 

Evidently S^ is the (w -f- l)st term of the series 

(5) 0, Vp V, + t\, Vi + V, + v„ . . . , t^i + V, + . . . + Vn, . • . 

The series of the first order of differences of (5) is clearly (4). 
Hence if ^^ , d, , J, , . . . , are the first terms of the series of the 1st, 
2nd, 3rd, . . . , orders of differences of (4), then Vj , ^i , f/, , r7,, . . . , 
are the first terms of the series of the 1st, 2nd, 3rd, 4th, . . . , orders 
of differences of (0). Hence the {n + l)st term of series (5) is [by 
formula (1), with ?/j = 0, Z>j = Vj, />, = dj, Z?, = </,,.. .] 

^» - ""^i + 1.2 ^^ + 17273 ^. + • • • 

"I" »^r ^r - 1 + • • • 'T dn — 1* 

144. Example 1. Find the nth term and the sum of the first n terms of 

1, 15, 40, 79, 135, 211, . . . 
1st order differences: 14, 25, - 39, 56, 76, . . . 

2nd order differences: 11, 14, 17 20, . . . 

3rd order differences: 3, 3, 3, . . . 

4th order differences: 0, 0, . . . 

Hence the 7ith tcnn and the sum 8n are respectively 
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= ,Vw(3w' + 26n« + 69» - 74). 

Example 2. Find the sum of the squares of the first n integers. 

Series: 1, 4, 9, 16, ... , r'.ir + l)^ (r + 2)», (r + 8)», . . . 

1st order differences: 3, 5, 7, , 2r + 1, 2r + 3, 2r -f 5, . . . 

2nd order differences: 2, 2 2, 2, . . 

3rd order differences: 0, , 0, . . . 

. *. Bn = n-\ fTg— 3 H n2^3 2 = -g- (n- + lX2/i + 1). 

Example 3. Find the number of shot arranged in a complete pyramid 
whose base is an equilateral triangle. 

The respective layers contain the following number of shot: 

1, 3, 6, 10 (1+2+. . .+r), (1-I-2+. . .-\^\\ (1+. . .+»+^), (l+...+H^), . . 

1st order: 2, 3, 4, »' + !♦ »" + 2, r + 3, . . . 

2nd order: 1, 1, ,1, 1, . . . 

3rd order: 0, < t 0, . . . 

g . n(7l - 1) _ , 7i(7l— 1)(7A — 2) - , , .,. , „. 

.-. fln = n4- \.2 ' 2 + F2-3 = iw(w + 1)(^ 4- 3). 

EXERCISES. 

1. Find the sum of the first n natural numbers. 

2. Find the ninth term and the sum of the first nine terms of 2, 9, 28, 65, 
126, . . . 

Find the nth term and the sum of the first n terms of 

3. 1, 8, 25, 52, 89, . . . 4. 2, 12, 28, 50, 78, 112, . . . 

6. 1, 11, 35, 79, 149, 251, .. . 6. 2, 20, 48, 86, 134, 192, . . . 

7. 1, 4, 10, 20, 35, 56, . . . 8. 4, 8, 0, - 32, - 100, - 216, . . . 
9. 1», 2^ 3», 4^ . . . 10. 1*, 2*, 3*, 4*, . . . 

11. 1-3, 4-7, 9-13, 16-21, .. . 12. 1*2, 2 -4. 4*7, 8*11, 16-16,... 
Find the number of shot in 

13. A pyramid of triangular base each of whose sides contains 20 shot. 

14. A pyramid of square base, 15 shot in a side. 

15. A truncated pyramid of 30 layers, with 50 shot in a side of the square 
base. 

16. A truncated pyramid, whose base is an equilateral triangle with 100 
shot in a side, and whose top has 56 shot in a side. 

17. A complete rectangular pile with base 9 by 15 shot. 

18. A complete rectangular i)ile with 15 layers and 20 shot in the longer 
side of the base. 

19. A complete rectangular pile of n layers with m shot in the top layer 
contains l)i{ii -f- l)(377i -f- 2n — 2) shot. 



CHAPTER XVIII. 



GRAPHIC ALGEBRA; 

SIMULTANEOUS EQUATIONS; SIMULTANEOUS INEQUALITIES; 

SOLUTION OF NUMERICAL EQUATIONS. 

145. The numerical results of an investigation are often ex- 
hibited in a table of statistics accompanied by a diagram. For a 
comparison of the results, the diagram shows at a glance what 
would be gotten from the table only after a minute study. 

Suppose that the number of inches of rainfall in the 1st, . . . , 
12th months of a given year was 2, 1, 0.5, 3, 4, 3.5, 1, 0, 2, 1.5, 
0.5, 1 respectively. We may represent these figures graphically by 
marking off the proper number of vertical divisions above the base 
line at the point indicating the corresponding month (Fig. 1). 




Suppose that a quantity y varies as the quantity a; in such a way 
that y = 2x. Then for a; = 0, y = 1 ; for a; = 1, y = 2 ; for a; = 2, 
y = 4; for a; = — 1, y = — 2; for a: = — 2, y = — 4; etc. 

We may represent this relation graphically as in Fig. 2, in which 
the values of x are measured along the horizontal line OX (the 
positive values to the right of and the negative values to the left 
of 0) and the corresponding values of y are measured in the vertical 

152 
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direction (upwards or downwards, according as the value is positive 
or negative). It is easily shown that the points so located all lie on 
a straight line AOB [see § 151]. 
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Fig. 2. 



146. Definitions.* The two perpendicular lines X'OX and 
1^' 01^ are called there-axis and the y-axis respectively; together 
they are the axes of coordinates ; their intersection is called the 
origin of coordinates. To plot the point whose coordinates are x 
and ?/, we mark off x units on the ic-axis from the origin 0, and on 
the vertical line (parallel to the y-axis) through the point thus 
reached we mark off y units; the final point reached is designated 



(-2. + 3) 



C-^j-s) 



<+2,-*-«) 



( + 2,-3) 



Fio. 3. 



as the point {x, y). In Fig. 3, we liave plotted four points whose 
pairs of coordinates differ o?ily in their si^ns. 

* The syMlcii] was introduced by Descartes in 1637. 
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Since there are innumerable pairs of values x^ y which satisfy 
the equation y = 2xy there will be a boundless number of corre- 
sponding points {Xy y) which lie on a line^ called the graph of the 
equation y = 2x. It would appear from Fig. 2 that the graph of 
y = 2x is a straight line A OB [compare § 151]. 

147. The graph of the equation ar^ + y^ = 25 will be a circle of 
radius 5 and center at the origin 0. Indeed, if we join with the 
plot P of any point (x, y) such that x^ -\- y'^ = 25, OP is the 
hypothenuse of a right-angled triangle whose base is x and vertical 
side is y, so that {OP)^ = a:* + y^ = 25, OP = 5. Hence every such 
point Plies at the distance 5 from 0. The circle is given in Fig. 4. 



• -^^ -\ 


^v 


5 


V - 


3 


\ 


_ ^'" ^Sp 


z ^ 


7 5v 


t S 


^^ -, 


° 1R ^ 


V i^ 


^^ -7 V 


^^ ^^ -^ 


---IIIIIIII l\ 



Fig. 4. 



The graph of the equation 2a; + y = 10 is a straight line (§ 151). 
Hence two points will determine it; for example, (0, 10) and (5, 0), 
whose plots are R and Q in Fig. 4. 

It appears from the figure that the circle and the straight line 
RQ intersect in the points P and $, the plots of (3, 4) and (5, 0). 

The corresponding algebraic problem consists in determining all 
sets of values a:, y which satisfy both of the equations 

a;^ + y2 _, 25, 2a; + y = 10. 
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We must therefore consider the two equations to be simultaneous 
(§ 34). Setting y = 10 — 2a; in the first equation, we get 

ir2 — 8ic + 15 = 0, a: = 3 or 5. 

Hence the only sets of solutions are a; = 3, y = 4; a; = 5, y = 0. 

148. In general, the problem to solve two simultaneous equa- 
tions in a;, y is equivalent to the problem to find the coordinates of 
the points of intersection of the graphs of the two equations. 

In particular, two simultaneous equations of the first degree in 
X and y have at most one set of solutions in common. This result 
follows algebraically from the solution by determinants (§ 35), and 
gegmetrically from the fact that the two graphs are straight lines 
(§ 151). For example, the simultaneous equations 

2x-\-y = 10, 4a; - 3^^ = 0, 

have only the common set of solutions a; = 3, y = 4; their graphs, 
the straight lines -S^and OP (Fig. 4), have only the common point 
P, viz., (3, 4). 

149. If we attempt to solve by determinants the equations 

2a; + y = 10, 2a; + y = 4, 

we get 0-a; = 6, 0-y = — 12, so that there are no common sets of 
finite solutions. Plotting the graph of 2a; + y = 4, we obtain a 
straight line which apparently does not intersect the graph of 
2a; + y = ^^' ^^^® ^*c* ^^^^ ^^6 graphs are parallel lines may be 
proved by observing that the difference between the y-coordinates 
corresponding to the same a;-coordinate is always 6. Hence the 
graphs have no point of intersection in the finite part of the plane. 

EXERCISES. 



1. Prove that the graphs of oi? -f- y^ = 25 and 2x -\- y = V'125 are tangent 

2. Do the graphs of x'^ + y^ = 25 and 2x -{- y = 15 intersect ? 

3. Find the intersections of the graphs of a^ -{- P'^ = 25 and x - ^y = 0. 

4. Find the point common to the graphs of the three equations 

2x -dy = 7, Sx - iy = 13, 8a; - lly = 33. 

5. Find the intersection of the graphs of a;^ + y^ __ 9 ^j^^ ^ _|_ ^ -_ 3^ 



IS6 GRAPHIC ALGEBRj4; SIMULTANEOUS EQUATIONS. {Ch. XVIII 



6. Show that a parallelogram is formed by the graphs of 

*-i-^-i *4.y-i ^4.^-2 *4_y-2 

160. Theorem. 7%« area of the triangle whose vertices are the 
points (ajj, y^), (a;,, y,), and (a;,, y,) equals the determinant 
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Let the three vertices be P, , P, , P, , respectiyely. Evidently, 
triangle P^P^P^ equals 
trapezium P^Q^Q^P^ — trapezium P^Q^Q^P^ — trapezium P^Q^Q^x* 




V ' 

Fig. 5. 

But^ by geometry, the area of a trapezium equals one half the sum 
of the two parallel sides multiplied by the perpendicular distance 
between them. Since .Tj = OQ^ , x^ = OQ^ , we have a:^ — ar^ = Q^Q^ ; 
similarly, a;, — a:, = Q.^Q^ , x^ — x^= Q^Q^ Hence 
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CTsiug the determinant notation (§ 36), we get 



(1) 



A=i 



^I 


^1 


1 


«. 


y. 


1 


aj, 


y» 


1 



For example^ the area of the triangle with the yertices (0^ 2), 
(3, 0), (4, 1) is 



i 



2 1 

3 1 

4 11 



= |. 



151. Theorem. The graph of an equation of the first degree 

(2) Ax-^By+Cz=0 

is always a straight line. | 

Consider three points (a;,, y^^ {x^y y^, (a;,, jjj) of the graph. 



Then 



+ %,+ (7=0. 



(3) Ax^-^By.+ C^zO, Ax, + By,+ C=0, Ax, 

The area of the triangle whose vertices are the i three points is 
given by formula (1). ltA4=0, we multiply the elements of the 
first column of the determinant by A, the elements of the second 
column by B, the elements of the third column by C, and add the 
last two sets of products to the first set. We have (§§ 45, 47) 

Ax, + By,+ C 



^ A =i 



Ax,-^By, + C y, 1 





Vx 1 


= i 


y, 1 




y. 1 



= 0, 



Ax, + By,+ C y, 1 

upon applying the hypotheses (3). Hence A = 0, so that the 
three points lie in a straight line. Let the third point {x^ , y,) move 
to any new position on the graph. As the area is again zero, the 
new point lies on the straight line determined ^J {x^y y^ and 
(a:,, ^2). Hence every point of the graph lies on that straight 
line. 

If -4 = and J5 =jt 0, we multiply the elements of the second 
column by B and add to them the products of the elements of the 
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third column by C. The resulting determinant has three zeros in 
the second column, so that ^ A = 0, whence A = 0. In this case 
the line (2) becomes By 4* C^ = and is parallel to the a;-axis, since 
the y-coordinate remains constant. 

It remains to proTe that, inversely, eyery point on the straight 
line joining {x^ , y,) and (x,, y,) lies on the graph of (2). This 
result is shown in § 153 below. 

152. To find the coordinates of the point which divides ifi a 
given ratio the straight line joining two given points. 

Let the first point P^ be (x^ , y^ and the second point P, be 

P. 
YJ 




Fig. 6. 



(a:,, y,). Let the given ratio be w, : m,. Let P< be the point which 
divides PyP^ internally in this ratio, and P^ be the point which 
divides P^P^ externally in this ratio. Let their coordinates be 
(.r<, y,) and (a;,, y,), respectively. 

Since P^Pi'. P^Pi ^m^im^ and P^P^ : P^P^ = m^:m^, wb have 



Hence 

(4) 

(5) 






m^ + m. 



«• = 



_ m^x^ — m^x^ 



wij — m^ 



^' Wi + w. ' 
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Corollary. Tlie middle point of the straight line I'oining 



Note. The distance between two points {x^y y^ and {x^y y,) is 



(7) 



v'K - ^i)^ + (y. - yi)"- 
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163. We may now prove that if the graph ot Ax -{- By -^^ C =0 
contains two distinct points (a;^ y^ and (a:,, y,), it contains every 
point on the straight line joining them. By hypothesis^ the first 
and second relations (3) are satisfied. In view of the last section, it 
remains to be proved that the points P< and P^ with the coordinates 
(4) and (5), respectively, lie on the graph of ^a; + ^y + (7= 0, 
whatever be the values of m^ and w,. The condition for P< is that 

AXi+Byi+C= —^{Ax,+ By,) + .-Jp—(Ax,+ By,) + O 

shall vanish. In view of the first and second relations (3), it equals 



m. 



i-0) + 



m. 



^1 + ^*S ^1 + ^J 

Similarly, Ax^ + By^ + vanishes. 



{-C) + C=0. 
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154. From what precedes, every straight line is the graph of 
some equation of the first degree. If two points {x^, y^ and {x^, y,) 
on the line are given, the required equation may be written 

X y 1 
(8) X, y, 1 =0. 

^. y, 1 

Indeed, upon expansion according to the elements of the first row 
(§ 46), there results an equation of the firat degree in x and y, 
which must therefore represent some straight line (§ 151). But the 
line coincides with the given straight line. In fact, it contains the 
point (Xj, y,), since the replacement of x by x^ and y by y^ in the 
determinant in equation (8) gives a determinant having the first and 
second rows alike, so that the equation is satisfied (§ 46). Similarly, 
it contains the point (s;,, y,). 

A second proof follows from § 150, since the area of the triangle 
formed by (ic, y), {x^, yj), (a:,, y,), is one-half the determinant in 
(8) ; but the area must be zero if the point {Xy y) lies on the line 
joining {x,, yj and (x,, y,). 

166. Example 1. Find the equation of the straight line making an inter- 
cept a on the x-tixis and an intercept b on the ^-axis. 

The line through the points (a, 0) and (0, b) has the equation 

1 

= a6 — ay — &c = 0. 



X 

a 




y 


b 



1 
1 



X 



y _ 



It may be written in the convenient form — t- ^ = 1. 

^ a b 

Example 2. The medians of any triangle meet in a point and each median 
is trisected by that point. 

Let the vertices P^ Pj, Pj be {x^, y^), (jCj, y,), (aj,, y,), respectively. By the 



coroUary of § 152, the middle point Jf„ of the side PJ"^ is( — 



n 



2 ' 2 

Let Q be the point which divides the sect Pgifi, internally in the ratio 2 : 1. 
By formula (4), the coordinates of Q are 

±3)4-1(0,,) 
g / a?i 4- a?i + a?8 

2 + 1 "■ 8 



iB< = 



r- 
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Similarly, the middle point Jf„ of the side P^P^ is (^^^^, ^^^-|^')' *^^ 

the coordinates of the point which divides the sect P^M^,^ internally in the 
ratio 2 : 1 are seen to be the values Xi^ yi just given. In a similar manner, or 
by the symmetry of the result, the point {xu yd divides the sect PiM^ inter- 
nally in the ratio 2 : 1, M^ being the middle point of the side PgA- Hence 
the medians meet iii a point and trisect each other. 

Example 3. Find the equations to the straight lines which pass through 
the point (1, — 3) and make equal intercepts on the two axes. 

By Ex. 1, the required lines have the equations 

since a line through (1, — 3) will either have a positive intercept on the ^r-axis 
and a negative intercept on the ^-axis or else have negative intercepts on both 
axes (as a diagram will show). > Substituting 1 for x and — 3 for y, we have 
for the respective lines the conditions 

a — a — 0—0 

"Whence a = 4, 6 = 2. The lines are aj — y = 4 and x -\- y = — 2, 

Example 4. To find the coordinates of the center of the circle inscribed 

in a given triangle. 

Let the vertices Pj, Pg, Pj be {x-^, y^, (ajg, y^, (ajj, y^ and the opposite sides 

*i» *2» *8- The bisector of the interior angle at Pj meets the side P2P8 at a point 

Q^ which divides it internally in the ratio s^-.s^. Hence the coordinates of Q^ 

are (§ 152) 

*3^8 ~T~ ^2^2 HV^ I ^2^2 
*8 ~r *2 h ~\~ *2 

But P2Q1 : PsQi = «, : »a gives P^Q^ + P^Q^ : P^Q^ = «, + «2 : s^, whence 

The bisector of the interior angle at P3 meets P^Q^ at the required center C 
Hence C7 divides P^Qi internally in the ratio «2 : PsOi* viz., #3 : cr. Hence the 
coordinates of C are 



A 



2 



(fr?) + - - (Irf ) + "' 



Xc — ; — » yc — I ^ 

• _ 8^Xi + 9f^2 + ^8^8 ,, _ *iyi + ^2^2 + ^8^8 
••'C ~- I i > fire i i • 
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Thus, if the vertices are (0, 12), (5, 0), (35, 0), we get (Note, § 152) s^ = 30^ 
J, = 37, «, = 18. The coSrdinates of Care therefore Xc = 8, yo = 4i. 

EXERCISES. 

Find the equation of the straight line 

I. Cutting off 3 on the x-mAb and 4 on the ^-axis. 

8. Cutting off — 2 on the fl;-azis and — 5 on the ^-axis. 
8. Passing through the points (0, 0) and (3, — 3). 

4. Passing through the points (5, 6) and (3, 4). 

5. Passing through the point (1, 4) and cutting off — 3 on the ^-axis. 

6. Find the equations of the diagonals of the rectangle formed by the 
lines a? = 2, a? = — 3, y ~ 4, y = — 5. 

7. Find the equations of the lines through the origin and the points trisect- 
ing the segment of the line 3aj + y — 12 intercepted between the axes. 

8. Show that the coordinates of the centers Cj, Cj, Cj of the circles escribed 
to the triangle with the vertices {x^, y^), (a^, y^\ (a^, y,) and the opposite sides 

*i» *«» ^» *^ 

-*iaa + ^ + ^ -*iyi + ^y« + ^sy8 (for C, opposite *,). 

-h-^h + h -«i + «j + «s 

^^-^2^,-f^ ^yi-^2y» + ^, (for (7, opposite *,), 

with similar expressions for C^ the sign of «, being changed. 

9. Find the centers of the inscribed and escribed circles for the triangle 
whose vertices are (9, 0), (0, 12) and (0, 40). 

10. Find the centers of the inscribed and escribed circles for the triangle 
whose sides have the equations 4aj — 3y = 0, 3aj — 4y -f 12 = 0, 3ar-|-4yH-2 = 0. 

II. Find the equations of the sides of the triangle with the vertices 
(-1, -2), (2, -3), (1,4). 

Find the coordinates of the points which divide internally and externally 

12. the line joining (1, 2) and (4, 5) in the ratio 2 : 3. 

18. the line joining (— 2, — 3) and (—4, 7) in the ratio 5 : 6. 

14. the line joining (0, 0) and (6, 8) iu the ratio 4 : 5. 

16. the line joining (c + <f, c — d) and {c — dj c -\- d) in the ratio c : d. 

16. The lines joining the middle points of opposite sides of a quadrilateral 
and the line joining the middle points of its diagonals meet in a point and 
bisect one another. 

17. If Pi , Pa , ... , Pn denote the points («, , y,), (aJa , ya), . . . , («n , Vnl 
and Pi Pa is bisected at the point Mi; MjPs is divided at Mn in the ratio 1:2; 
JfaPi is divided at Jfi in the ratio 1:3; JfsPs is divided at M4 in the ratio 
1:4; etc. ; prove that the final point Mn — i has the coordinates 

1 1 

-Hxi + «! + «» + ...+«»), -zivi +y^ + yi + " '+yn). 
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18. Show that the area of the polygon Pi Pa . . . Pn of Ex. 17 is 

19. Find the area of the polygon whose vertices are (4, — 7), (5, — 2), 
(3, 4), (1, 1). 

20. Find the area of the triangle with the vertices {a, b), (—«,& + «), 
(— a, c — b), 

21. Find the coordinates of the point of intersection of the two lines join- 
ing the middle points of the opposite sides of the quadrilateral whose vertices, 
taken in order, are (0, 3), (0, 0), (4, 0), and (6, 7). 

156. To find the graph of the equation y^ = 4x, we observe that 
a negative value of x gives an imaginary value of y, so that the 
graph lies to the right of the ^-axis. For each positive value of x 
there are two values of y, namely 2^x and — 2\/x, so that the 
graph is symmetrical with respect to the a;-axis. Plotting the 
pairs of points (1, + 2), (1, - 2), (2, 2^2), (2, - 24/2), (4, 4), 
(4, — 4), (16, 8), (16, — 8), ... , and the point (0, 0), we may 
trace the graph A OB in Fig. 8. The graph is called a parabola. 
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The figure also gives the graph of the equation ^-\-i^:=i 10a:, 
which may be written (x — 5)^ + y^ = 25. Since the latter is derived 
from X^ -|- y2 _ 25, the circle of Fig. 4, by writing a; — 5 in place 
of X, it is likewise a circle of radius 5, but referred to a set of axes 
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of coordinates obtained by moving the previous ^-axis 5 units to 
the left. Hence the graph of a;^ + y' = 10a; is a circle of ladius 5 
and center (5, 0). Its intersections with the parabola y* = 4a; are 
seen to be the three points (0, 0), (6, 4/24), (6, ~ |/3i)> found by 
solving the equations considered to be simultaneous. 

Similarly, y* = 4a; intersects the circle a;^ + y^ = 26 in just two 
points; it intersects the circle (a; — 4)^ -|- y^ = ^5> with radius 5 
and center (4, 0), in four points; it intersects the circles 
(x — cY + y* = 25, of radius 5 and center (c, 0), in no point if 
c > 7J. In fact, if we eliminate y* from the latter equation by 
means of y^ =■ 4tx, we get a quadratic for x, with the roots 



D = 



c + 2 ± 4/29 — 4c. 

In the limiting case c = 7^, there is a single point of intersection. 
Two simuUaneoti^ equations of the second degree in x andy may 
have 4, 3, 2, 1, or no sets of real solutions a;, y, 

157. In order that the three simultaneous equations 
(9) fl^a; + ^y + <?i = 0, a^ + &,y + c, = 0, a,a; + *,y +c, = 
shall have a common set of solutions Xy y, the determinant 

«i &j Cj 

«« K c. 

«8 *s ^8 

must vanish. This follows from § 44 when we set « = 1. To give 
another proof, multiply the elements of the first column by x and 
the elements of the second column by y and add the results to the 
corresponding elements of the third column; the new elements of 
the third column will then be zero, if x and y be the common solu- 
tions. Hence must Z> = 0. 

Inversely, \i D = 0, equations (9) have at least one set of solu- 
tions Xy y in common (§ 44). In fact, the third equation (9) then 
follows from the first and second equations. Their graphs are 
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straight lines which, in general, intersect in a point (a;, y). But 

the second and third equations both follow 

from the first if all the minors of D vanish 

(§ 44), in which case there are innumerable 

sets of solutions x, y in common. The three 

graphs are then coincident lines. 

For example, the lines (Fig. 9) 

RP: 2a; + 2^- 10 = 0, 
OP: 4a;— 32/ =0, 

SPi 2x — y— 2 = 

intersect in the point P, viz., (3, 4). The 
determinant D is seen to be zero. 

168. Theorem. Two points {x^y^) and 
(x^y^) are on the same side or o?i opposite sides of the graph of 
Ax + By -\- O =0 according as the quantities 

Q, = Ax, + By, + 0, Q, = Ax, + By^+ O 

are of the same sign or of opposite signs. 

Through (a;, , y,) draw a parallel to the y-axis and let it meet 
the graph of the given line in the point {x, , ^/) so that, 

Ax, + By,'+ C = 0, y,'=^{Ax,+ C)-~-B, 
.-. y^-y/ = (Ax,+ By,+ C)^B=Q^B. 

Through (a;,, y^) draw a parallel to the y-axis and let it meet 
the given line in the point {x^^ y^). As before, y^ — y/ = QJB. 

Then (a;,, y^ and {x^, y^) are on the same side or on opposite 
sides of the given line according as y, — i// and y^ — ?// are of the 
same sign or of opposite signs, i.e., according as Q^^ and Q^ are of 
the same sign or of opposite signs. 

Corollary. The point (x,, y,) and the origin (0, 0) are on the 
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same side of the graph of Ax -\' By '\- C = if, and only if, 
Ax^ *|- By^ + ^ &Q<1 ^ \i2kye the same sign. 

169. A point (x,, yj lies inside, on, or outside a circle of radins 
r and center at the origin (0, 0) according as 

ar,» + y,' — H < 0, =0, or > 0. 

In fact, the equation of the circle is «* + y^ = r' (compare § 147). 
A point (a;^ y,) lies inside, on, or ontside the graph of 

a* ^ ^ 

(called an ellipse) according as ^ + ^ — 1 < 0, = 0, or > 0. 

In proof, draw through the point (a;,, y,) a parallel to the y-azis 
and let it meet the graph in a point (x^^ y/), so that 

For the parabola y^ = 4a; whose graph ^ 0^ is given in Pig. 8, 
we will say that a point lies within the parabola when it lies on the 
same side of the graph as the line OX. By a proof similar to that 
just employed, we find that the point (a:,, yj lies within, on, or 
without the graph of y^ = 4a; according as y^ — ^x^ is less than, 
equal to, or greater than zero. 

160. The preceding results enable us to treat very simply prob- 
lems in simultaneous inequalities. 

ExAMPi-E 1. Resolve the simultaneous inequalities 
/i - a- - y + 1 > 0, /a = 2.T + y - f) > 0. /, " - 52- + 2y -f- 10 > 0. 

The graphs of f^ =0, /g = 0, /, — are sciven in the accompanying 
figure. By the corollary of § 158, /i is positive for all points on that side of 
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the graph of /j =0 on which the origin lies. Similarly for/3; but/, is posi- 
tive only for the points on the opposite side of /g = from the origin. The 
three inequalities are therefore satisfied 
simultaneously by all the points in the 
shaded triangle and by no other points. 
I The vertices of this triangle are (f , |), 
(4, 5), (^2, j^) Hence the solutions 
Xy y are such that 

f < a; < 4, V- < y < 5. 

ExAMPiiE 2. Resolve the simultane- 
ous inequalities 

3^ - 4c> 0, aj2 - lOa- + y2 < 0. 

The sets of values x, y must be such 
that the corresponding points (a?, y) lie 
outside of the parabola y^ = \x and 
inside of the circle {x — 5)^ -|- y^ = 25. 
These points therefore lie within the 
two crescent -shaped areas in the figure 
of § 156. Hence the solutions are 



< aj < 6, - ^^24 <y < y'24, 
y^ > 4aj. 
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EXERCISES. 



Plot the graphs and find the common solutions of 
\, Q^-Yy' = 25, y' = ^x-\- 24. 2. x' -\- y'' = 25, y^ ^ 4aj + 28. 



3. a? ^y^ = 25, 



^' 4. ^' - 1 
36 ^ 9 ~ 



4. a;2 4. y2 ^ 16, aj2 + 4y2 = 64 



5. 3a; + 3y -h 5 = 0, 3a; + 4y + 6 = 0, 6a; + 5y + 9 = 0. 

6'^ + f==l' ^+^ = 1' y-a; = 0. 
a a 

7, x-2y-S = 0, 4y + 6 = 2a;. S. x" -\- y^ = 9, 4a^ + 9y^ = 36. 

Solve graphically the simultaneous inequalities 

9. a; - y > 0, -3a; -|- 2y + 6 > 0, a; -f 2y - 4 > 0. 

10. a; - y + 4 > 0, a; - 2y + 5 < 0, a; + 5y - 4 < 0. 

11. a; -f- y - 3 > 0, 2a; - 3y + 1 > 0, 2a; - 3y - 5 < 0. 

12. a;2 _^ y2 _ 25 < 0, 2a; + y - 10 > 0. 

13. a;2 -h y2 _ 25 < 0, 2a; + y - 10 < 0, a; -f y - 2 > 0. 

14. y^ < 4a?, (x - Cif -^ y' < 25, y > 0. 

15. The equation to any straiirht line through the intersection of 
ax -\- by -{- c =^ (i and Ax -\- By -| (' — may be written 

(ax -\- by -{- c) -f- m{Ax + j&y + (7) = 0. 
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16. Find the equation of the straight line through (0, 1) and the inter- 
section of y -|- JJ = with aj — 3y -|- 1 = 0. 

SOLUTION OF HUMEBICAL EQUATIONS. 

161. Consider first the quadratic equation a:^ — 6a: — 3 = 0. The 
graph of y = a? — 6a; — 3 is given in the figure. It is roughly deter- 
mined by the points ( ~ 1, 4), (0, — 3), 
(1, - 8), (2, - 11), (3, - 12), (4, - 11), 
(5, - 8), (6, - 3), (7, 4). The sym- 
metry with respect to the line a; = 3 fol- 
lows from tlie form y + 12 = (a; — 3)^ 
in which the equation may be written. 
The dotted lines have the equations 
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y'-y + 12 = 0. 



x' ~x 



3 = 0. 



Fxo. XL 



Referred to them as new coordinate axes, 
the equation is y' = a;'^. To this form 
any equation of the form y =^ (i^-\-'pX'\- q 
may be reduced The graph is called 
a parabola.* To solve the equation 
a;2— 6a:— 3 = consists in finding the values of x which make y =0. 
In the graph, it consists in finding the a;-co6rdinates of the points 
in which the graph crosses the a:-axis. The one lies between and 
— 1, and the other between 6 and 7; the exact values are evidently 
3 ± 4/12. It is clear that all quadratic equations in which the 
coefficient of 7? has been made unity, lead to the same graph, the 
variation being the relative position of the axes of coordinates. 

162. Consider the cubic equation ar^ -f 4a;2 — 7=0. The 
graph of y =i 7? -\- 4ar^ — 7 is given in the figure, as sketched 
through the points (- 4, ~ 7), (- 3^, - |), (- 3, 2), (- 2^, 2|), 
(-2,1), ( -1^,. -li)> (-1.-4), (-^, -Gi), (0,-7), 

* The parabola y^ = 4x, whose graph is given in § 156, may be reduced to 
the above form by taking x' ^ y, y' =^ 4x. This transfonnation turns the 
picture through 90' and magnifies the resulting figure in the vertical direction. 
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(i, - 5|), (1, -2), (1.1, - .829), (1.2, .488), (1.25, 1.203), 
(1.5, 5|). The roots of the cubic lie between 1 and 2, between 
— 1 and — 2, and between — 3 and — 4. 
More closely, the positive root lies be- 
tween 1.1 and 1.2. To determine the 
second decimal place, the process of 
direct trial of 1.11, . . . , 1.19 becomes 
laborious. To shorten the work, set x 
= 1.1 + 5J, whence the relation becomes 

(10) y = ^ + 7.3^2 + 13.43^ - .829. 

In determining z to make y = 0, the 
terms r^ and l.^z^ are of little conse- 
quence, since z is of the denomination 
hundredths. We should expect, there- 
fore, that z lies between .06 and .07, being given approximately 
by 12A^z — .829 = 0. In fact, y is negative when z = .06 and is 
positive when z = .07. Setting 2; = .06 + w, the relation becomes 

(11) y = w^+7AStv^+ 13.3168^; - .056704. 

Using the last two terms only, we find that y = if to = .0042 +> 
to four decimal places. In verification, to = .0042 makes y nega- 
tive and tv = .0043 makes y positive. Hence the positive root of 
the cubic is 1.1642 +. 

163. The calculations may be shortened by IIomei*^s method,* 
which is based upon the process called Synthetic Division. 

The process of the division of a:^ + 4:0^ — 7 hy x -}- 3 may be 
exhibited as follows : 



Fig. 12. 



x^ + da^ 
x^ 


- 7 


X -\- 3 = divisor 
x^ -\- X — 3 = quotient 


a^ + 3x 




— 3x 




- 3x 


- 9 




+ 2 


= remainder. 



* Publishxid iu 1819 by W. G. Horner. 



lyo GRAPHIC ALGEBRA; NUMERICAL EQUATIONS. [Ch. XVIII 

Since the literal terms 7?y a?^ x may be supplied from their relative 
positions, we may indicate the work by detached coefficients: 



14 0-7 
1 3 

1 
1 3 



1 3 divisor 



11—3 quotient 



-3 

-3 -9 

2 remainder. 

We agree to omit the first term of each partial product (1, 1, — 3, 
respectively) since it is merely a repetition of the number above it. 
Next, if the second term of the divisor be changed in sign, the new 
divisor being 1 — 3, the sign of the second term of each partial 
product will be changed, so that the subtraction previously per- 
formed is replaced by addition. The work for the division, by 
a; + 3 thus becomes the following: 



14 
- 3 

1 

- 3 

- 3 



1-3 



1-3 



+ 9 



Arranging the work in a horizontal row and omitting the coefficient 
1 in the divisor 1 — 3, the work stands thus: 



Dividend =1 4 0-7 | - 3 
Partial products = — 3 —3+9 

Quotient =1 1 — 3 , 2 = remainder. 

In this final form the process is called synthetic division. 
We next divide ^x"* + a^ — 31a:* -\-21x - 5 by ic — 2. 

Dividend =310- 31 21-5 | +2 

Products = 6 14 28-6-12-24-6 

Quotient = 3 7 14 -3-6-12-3, -11 = rem. 
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The quotient is 3a:« + 7a;* + 14a:* - Sa:^ - 6ar^ — 12a; - 3, and 
the remainder is — 11. 

164. Returning to the example and graph of § 162, we see that 
one root is a; = 1 + ^> ^^ being a positive decimal. Then 

y = (1 + t^)8 -I- 4(1 + 1^)2 - 7 = ^3 ^ 7^2 _|. 11^ _ 2. 

Without the expansion just made, the final form w' +•••"" 2 
may be obtained by synthetic division. If the degree of the given 
equation is large, say 6 or 7, the second process is much shorter 
than the first. Since 2* = a; — 1, we have 

y = a;«4-4a;2-7; y = (a; - 1)8 + 7(a; - l)^ + ll(a; - 1) - 2. 

Hence if we divide the first expression by a; — 1, the remainder 
must be — 2, as is the case with the second expression. The 
respective quotients are a;^ + 5a; + 5 and (a; ■— 1)^ + 7(a; — 1) -f- 11> 
and they must be equal. Dividing them by a; — 1, the quotients 
are a; + 6 and (a; — 1) + 7, and the remainders are each 11. It is 
thus clear that in the division of a;^ + 4a;2 — 7 by a; — 1 the suc- 
cessive remainders — - 2, + 11, 7, 1 must be coefficients in reverse 
order of the transformed equation u^ + Iv? + llt^ — 2. By syn- 
thetic division this work may be done thus: 



1 


4 


0-71 




1 


5 5 


1 


5 


5,-2 first remair 




1 


6 


1 


6, 
1 


11 = second remainder 



1 , 7 = third remainder. 

The general theorem involved is stated in the next section. 

165. Giveny=p^x'' +p^7f'-^-\-p^o(f'-^ + • . . + Pn-i^ + Pn ^>i^^ 
x = u-^- h, to obtain the expression for y in terms of u, we divide 
p^a:^ ■\- - . . -\- Pn^y^ — 1^ (^f^ft call the quotient Qy^ and tlie remainder 
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Tp then divide Q^by z — h and call the quotient Q^ and the re- 
mainder r,, etc. The requii ^ expression for y is 

ft«*" + r^t*""* + • • . + ^w' + r,w + ry 

In proof, we obsenre that the final expression equals 

^ = j>o(aJ- Ar + r,(a;- *)»-» + . . . + r,(a; - hY + r,{x^ih)+r,. 

To prove that E is another form of the initial fanction 
y = p^af" + • • • + Pny we divide both E and y hj x — h. By 
inspection, the quotient oi ^ is 

p,{x - hy-' + r,(x - A)"-2 +. . .+ r,{x -h)+r, 

and the remainder r^. By the notations of the theorem, the divi- 
sion of y E p^ + . . . -]-pt^hy X — h yields the quotient Q^ and the 
remainder r^. Hence will E = y if 

Qi =Poi^ - ^0"-' + rn{x - A)— » + . . . + r,(a: - A) + r,. 
Dividing each member by a: — A, the quotients are respectively 

(12) Qv Po{x-hr-' + rn{x-hf -'+... + r, 

and the remainder is r, in each case. Hence will E = y if the ex- 
pressions (12) are equal. After w — 1 such divisions, the quotients 
are Qn-i aiid Pf^{x — h) + r^, and E will equal y if these quotients 
are equal. Dividing them by a; — A, we obtain in both cases the 
quotient i?^ and the remainder r^- Hence E = y. 

A more direct proof follows from the remainder theorem (§ 27). 
Assume that y = E, where the coefficients r„, . . . , r,, r^ of E are 
as yet undetermined. Setting a; = A, we get 

But the left member is the value of y when A is written for x and 
is therefore the remainder left on dividing y by a: — A (§ 27). By 
inspection, the right member r^ is the remainder left on dividing E 
by X — A. Since the two remainders are equal and the two divi- 
dends y and Eare assumed to be equal, tlie quotients must be equal: 

Qi - Poi^ - A)""' + n.(^' -JiY -'+... + rjix - A) + r,. 



Sec. 166] COLLEGE ALGEBRA. I73 

Proceeding as before, the division of Q^hy x — h leaves a remainder 
equal to r, ; etc. Hence the undetermined coefficients r^y • • » > r^, t^ 
in E turn out to have the values given in the theorem. 

166. Resuming the equation y = u^ -{- lu^ + llw — 2 of § 164, 
where w is a decimal, we seek the value of u which makes y = 0. 
The powers u^ and u^ are small relative to llw — 2. Hence 
u is approximately .1. In verification, we observe that y is 
negative for u = A and positive for w = .2 and hence is zero for 
some intermediate value (by the graph or by the formal proof in 
§ 170). Setting w = .1 + 2;, the equation for z is found by syn- 
thetic division (§ 165) as follows: 

17 11 - ^ 111 

.1 .71 1.171 

1 7.1 11.71 , - .829 = first remainder ri 

.1 .72 

1 7.2 , 12.43 = second remainder r, 

.1 

1 , 7.3 = third remainder r,. 

... y = ^^j^ 7.3;22_|_ 12.432; - .829, a result identical with (10). 
Hence, as in § 162, z= ,0^ -\- w, where w is of the denomination 
hundredths. By synthetic division, we form the equation (11) 
for w: 

1 7.3 12.43 -.829 1.06 

.06 .4416 .772296 



1 7.36 12.8716 , - .056704 
.06 .4452 



1 7.42 , 13.3168 

m 

1, 7.48 
.-. y = «^ + 7.48^2 _^ 13.3168W - .056704. 

Then y = for t(; = .0042 +, so that the positive root is 1.1648 +. 
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167. For a negative root — a; of ar* + ^^ — 7 = 0, we may 
solve the corresponding equation a? — 4ar^ 4-7 = with the 
root + Xy or we may proceed with the given equation by the usual 
method. Thus for the root lying between — 3 and — 4, we set 
a; = — 4 + ^, where / is positive and of the denomination tenths 
and proceed as usual. The work is exhibited compactly as follows : 

-7 1-4 





- 4 
















-7 |_^ 




- 4 


16 






-4 , 


16 






-4 






■I 9 


- 8 








.6 


- 4.44 


6.936 




- 7.4 


11.56 , 


— .064 .008 




.6 


- 4.08 






- 6.8 , 
.6 


7.48 




^ f 


- 6.2 








.008 


.049536 


.0594437 




- 6.192 


7.430464 , 


- .0045563 .000617 




.008 


.049472 






- 6.184, 
.008 


7.380992 




^ 9 


- 6.176 







Hence, to six decimal places, the root is— 44-. 608617=— 3.391383. 

It is seen that the final terms 16^ — 7 of the first transformed 
equation do not suflBce to determine t very accurately; whereas in 
the later transformed equations the last two terms determine the 
figure of the root sought. 

Similarly, the third root is — 1.7728, to four decimal places. 
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168. Consider as anew example the equation y=a:'+6^+8a;+8, 
whose graph is given in Fig. 13, having been traced through the 
points (1, 23), (.5, 13|), (0, 8), (- .5, 5|), 
(- 1, 5), (- 1.5, 6i), (- 2, 8), (- 3, 11), 
(-4, 8), (-4.5, 2f), (-5, -7). By 
accurate plotting in the vicinity of the 
two bends in the curve, we find that they 
occur at a; = — .845 and a; = — 3. 155, 
approximately.* The corresponding y- 
coordinates are 4.9209 and 11.079, respec- 
tively. The fact that the lowest point of 
the bend which points downwards is above 
the jr-axis follows more simply from the 
form y = (ic + 2)' — ^x in which the 
equation may be written. Hence, for 
— 2<a;<0, a; + 2 and •— 4ic are posi- 
tive and therefore also y. On account of 
the double bend, the graph crosses the 

a;-a\is but once ; for, if the branch below the a;-axis should bend and 
cross the axis again (necessarily at the left of a; = — 5), or if the 
upper branch should bend and cross the 2;-axis (necessarily at the 
right of a; = + 1), it would be possible to draw a straight line 
which would meet the graph in at least four points. To show that 
this is impossible, we note that the equation of the straight line has 
the form y = mx -\- n. The a;-codrdinates of its intersections 
with the curve are given by 

mx-\- n = a? + %a? -^-^x^^. 

By § 77, this equation of the third degree has at most three roots. 

To give an algebraic proof, we observe that, for a: < — 6, 
a: + 2 < — 4, so that the condition (x + 2)^ < 4a; will be satis- 
fied if - (a; + 2)2 < x, viz., if - (a; + if < - (|)2, which is 

* By the Calculus, the values of a? are the roots — 2 ± f 4/I2 of the equa- 
tion 3aj» + 13a; + 8 = 0. 
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iarue. If x > 2, then a; + 2 > 4, and the condition (x + 2)* > 4x 
will be satisfied if {x -\- 2)' > x, viz., if {x + 1)* > }, which is 
true. 

169. Descartet' Bnle of Signs.* An equation f{x) = with real 
coefficients cannot have more positive roots than there are changes of 
sign inf{x)y and cannot have more negative roots tha?i there are 
changes of sign in f^— x). 

For example, the terms off{x) = + a? + 6a?-\-Sx-\-S=^0 all 
have -|- signs, so that there are no positive roots; there are three 
changes of sign in /(— a;) = — aj* + 6a? — 8a; + 8 = ^> so that 
there are not more than three negative roots. 

The equation f{x)=a? — 6a:® — a,-^ + 7a: — 2 = has at most 
three positive roots, and at most two' negative roots since 

/ (_ a;) = - a:» - 5a;8 + a? - 7a; - 2 = 

has two changes of sign. Hence the equation must have at least 
9 — 5=4 imaginary roots [see § 181]. 

Suppose, in general, that the positive roots of f{x) = are 
a^ , a,, . . . , a,. Then /(a;) is divisible (§ 27) by the product' 

(x — a^{x — a,) ... (a; — a^). 

If the quotient is Q{x\ the roots of Q{x) = give all the negative 
and imaginary roots of f{x) = 0. Let the signs of the terms of 
Q{x) be, for example, 

+ + + + -+. 

To find the signs of the product {x — a^Q{x)y we employ as multi- 
plier a binomial with the signs -| . The signs of the products 

are therefore 

+ + - - + + - + 

Sum: +±--T+-qF=FH h- 



* Descartes' La Geometrie, Leyden, 1687. For an account of his life and 
work, see Ball, Histoiy of Mathematics, pp. 270-279. 
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We observe that in the product an ambiguity of sign replaces each 
continuation of sign in Q{x)y the signs before and after an ambiguity 
or set of ambiguities are different, and a change of sign is intro- 
duced at the end. Hence for every isolated ambiguity and the sign 
just preceding and just following it, the number of changes of sign 
(whether we take the upper or lower sign in the ambiguity) is the 
same as for the three corresponding signs in Q{x). An analogous 
result holds for a set of ambiguities if we take all the ambiguities in 
the set to be alike. But if the latter are not taken alike^ there is one 
or more additional changes of sign in the product than in Q{x). 
There is always an additional change of sign at the end. Hence 
the product contains at least one more change of sign than Q(x). 
After multiplying in the p factors x — a^, x — a^y . . . , x — a^^ 
we obtain /(ic), which therefore has at least jt? more changes of sign 
than Q{x), Hence f{x) has at least p changes of sign. The number 

of positive roots is thus ^ c, c being the actual number of changes 

of sign inf{x). 

The negative roots of f{x) = are the positive roots of 
f(^-~x) = 0, so that the number of the former is less than or equal 
to the number of changes of sign in/(— x). 

Thus x^ — 3x^ -\- x-\-l = has at most two positive roots and 
at most two negative roots and consequently has at least two 
imaginary roots. 

170. Consider the graph of y =f(x), where f{x) is a rational 
integral function of x (§ 76). If there be two points of the graph, 
one of which is above the ic-axis and the other below, it may 
be proved that the graph must cross the a;-axis at one or more 
intermediate points. Thus if /(a) is positive and /(J) is negative, 
there is some value of x intermediate to a and b for which f(x) is 
zero. The proof consists in showing that, as x changes gradually 
from a to J, f{x) also changes gradually and assumes all interme- 
diate values between /(a) and /(J), so that in passing from a posi- 
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live to a negative value it passes through the value zero. While 
this is readily proved (see example below) when /(a;) is of the form 

the case under consideration, it is not true for all functions f{x). 
For example, it fails for the functions y = 2\/x and y = 4/lOa; — a^ 
whose graphs were constructed in § 156, since there are two values 
of y corresponding to each value of x. 

Consider the example /(z) = ar* + ^^ ~- 7. As a; changes from 
aix} a + h, f{x) changes from f{a) to /(a + ^0> *^® increase being 

= (3a» + Sa)h + {3a + 4:)h^ + h\ 

If A is small, this difference is small, and by taking h sufficiently 
small, this difference can be made as small as we please. Hence if x 
changes by small amounts from a to &, f{x) will change by small 
amounts from /(a) to/(5). 

Moreover, a curve joining two points which lie on opposite sides 
of the 2;-axis must cross that line an odd number of times ; but 
must cross it an even number of times, or not at all, when the points 
lie on the same side of the a;-axis. We may state the theorem : 

If f{x) he a rational integral function with real coefficients , and 
the values f{a), f{b) given by substituting real numbers a, b for x 
are of opposite signs, the equation f{x) = has an odd number of 
real roots lying between a and b; but has an even number of real 
roots or no real root lying between a and b, iff{a) andf{b) are of 
like sign. 

Example 1. Every equation of odd degree has at least one real root of 
sign opposite to that of the constant term. 

Thus aj* + 4jc* — 7 = was seen to have a root between + 1 and + 2. 

Let the equation hef^x) = «» + aa?^ - 1 + . . . -f c = 0, and let x approach 

the values — 00 , 0, and -j- ao . The sign of yjO) is the same as that of e. To 

find the sign off{± 00), divide /(a;) by a?»-i, which is positive since n — lis 

b e 

even. The quotient x + a -\ h---4- z;r=l ^liff^rs from a? by a function 

which approaches^zero as x approaches ± qo . Hence y|[-f- 00 ) is positive and 
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f— 00 ) is negative. Hence, if c is positive, f{x) changes its sign between 
a; =r — 00 and aj = and therefore /(«) = has a negative root. If c is nega- 
tive, f{X' changes its sign between aj =r and x = -\- cc y ^o that^^^a?) = has a 
positive root. 

Example 2. Every equation of even degree, whose constant term is nega- 
tive, has at least one positive and at least one negative root. 

Upon substituting — oo , 0, + oo for a?, the results are -f oo , c, -f oo , re- 
spectively, where e is negative. Hence there is a real root between — oo and 
0, and a real root between and -j- oo . 

EXERCISES. 

1. Plot the graph oiy — q? •\.2x — 1 and solve a^ -f 2a; — 1 = 0. 

2. Plot y = ar** + 2aj + 20 and find to five decimals the root of 
aj»-f- 2aj -f- 20 = such that - 3 < a? < — 2. 

8. Plot y = Q^ -\-x — Z and find to five decimals the root 1 < a; < 2. 
4. Plot y = aj* — 4aj. What are the roots of a;* — 4aj = ? 
6. Show that the graph ofy = a;'-f3a)*-f2aj-|-l crosses the aj-axis but 
once. 

6. Find the roots between 1 and 2,-1 and — 2, of a;* -f- 8«* — 2a? — 5 = 0. 

7. Find the root between 2 and 8 of ar» + 3a;* - 3aj - 18 = 0. 

8. Find the real roots of ar* -f 2aH — a; — 1 = 0. 

9. Find the real roots ofa;*-|-a;' — a; — 2 = 0. 

10. Find the real roots of a;* -f 43;* + 6ar» — 8a? — 4 = 0. 

11. If the terms of an equation are all positive, it has no positive root. 

12. If the terms of an equation, with all powers of x present, are alter- 
nately positive and negative, it has no negative root. 

13. The equation «* -f a^x -f 6* = has one negative root and two imagi- 
nary roots. 

14. If n is even, «» -|- 1 = has no real root ; if n is odd, — 1 is the only 
real root. 

16. The equation a;8-|-2a;'-f-8aj — 1 = has at least six imaginary roots. 

16. a;* -f 12a;* -|- 5aj -- 9 = has a positive root, a negative root, and two 
imaginary roots. 

17. For n even, a;» — 1 = has only two real roots ; for n odd. only one. 

18. a;* — 7a;* — 3a;* + 7 = has at least two imaginary roots. 



CHAPTER XIX. 
THEORY OF EQUATIONS. 

171. The solution of the general quadratic equation (see § 31) 
was known to the Arabians as early as the ninth century. The 
solution of the cubic equation a:® + ga; + r = was discovered by 
Scipio Ferreo, who imparted it to his pupil Florido, in 1505. The 
latter proclaimed his knowledge of the solution upon learning that 
Tartaglia had solved the analogous equation 7? + moi? -f w = 0. But 
Tartaglia doubted the truth of his statement and challenged him 
to a trial in the year 1535, having succeeded in rediscovering Ferreo's 
solution. Then Cardan appeared and solicited from Tartaglia his 
rules for solving various cubic equations and finally succeeded in 
getting them after giving the most sacred promises of secrecy. 
But in 1545 Cardan broke his promises and published the rules in 
his Ars Magna. Tartaglia had intended to publish his rules in his 
own work, but died in 1559 before the part on cubic equations was 
reached, so that no mention is made by him of his discoveries. In 
time the rules came to be regarded as the discovery of Cardan and 
to bear his name. 

172. Consider the cubic equation in the most general form 

(G) 7?-^ax^ + J)x + c^ 0. 

Setting X =^ y — o"> ^^^ equation becomes 

(B) »'+(»-f> + (-T + ¥) = »- 

i8o 
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an equation lacking the square of the unknown quantity, and called 
the reduced form of equation (G). It suffices to solve the equation in 
y, since the values of x are then given by the relation a; = y — a/3. 
Consider then the reduced cubic equation 

(1) yZ^py + r = Q. 

Making the substitution 

(2) y = '--h 

the cubic (1) becomes 

Multiplying by t?, the latter becomes 

(3) z* + r^-^=zO. 

Considering z" to be the unknown quantity, equation (3) is a quad- 
ratic equation, the solution of which gives «* and then 



z = y/-^±^R, 



(4) z = ^/-5±|/i?, i2 = ^+g.. 



Remembering that a quantity q has three cube roots * (§ 8), 

it would seem that the six values of z, given by (4), would lead to 
six roots y, given by (2), of the cubic equation (1). But 

Hence, if the notation of two of the cube roots (4) be definitely 
fixed in such a manner that 



* The vertical bar at the right of the radical sign is used to mark the 
choice of a particular root. 



iSi 
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then the remaining four cube roots (4) may be paired so that the 
product of the two in each pair is —p/^y viz., 



CO 



^-;- + /»-'.».y'-t-/5-'=-|. 



-\l-\ 



+ i/ji 



• ^A / — ;r — 
Y 2 



i/W = - 



- P 



3* 



But the value of y given by (2) remains unaltered if we replace z 



by-^; indeed. 



dz 3 • \ 3« /" dz' 



Hence the two values of z in any one of the three pairs give the 
same value to y, and the value of y equals the sum of the two 
values of z in that pair. Hence the three roots y are 



(5) 






+ Vi? + <»* 



,^= caty/ ~ + i^R + CO 






Example. Solve the reduced cubic equation y* — 15y — 126 = 0. 
Set y = « — (^^) = 2 + ~. Then ^ — 1262» + 125 = 0. 



z 



.-. (2» - l)(a» - 125) = 0. 



5 



.• . 2 = 1, oj, CO*, 5, 5a5, or 5<»'. Then y = « -f — equals respectively 

z 

5 

6 a, H = o) -f- 5(»*, «)' + 5(», 6, Soo + oa*, 5a»' -f <». 

fi> 
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giving only three distinct roots y. Since «' + <» -j- 1 = (§ 8), they are 6, 
— 4co — 5, 4<» — 1. Since <»= — i + iV — S, they become 



6, -3-24/- 3, -3 + 24/- 8. 
The two imaginary roots are conjugate (§ 7). 

173. FormulaB (5) for the roots are known as the formulae of 
Cardan. The method used for obtaining them is essentially that 
giyen by Hudde in 1650. 

According to the value of R^ — -{- — , we have, when p and r 

are real, for R positive^ one real root and two conjugate imaginary 
roots ; for R equal zero, all roots real and two of them equal ; for 
R negative, all three roots real and distinct. 

In proof, suppose first that i? > 0. Let the radicals be A and 
B so that the roots are A-\- B, go A + oof^B, go^A -{- gdB. Since 



(»=:--i+^|/-3, G^= -h-iV-^, 



the three roots are A -\- B and - ^(A + ^) ± ^{A — B)i/ — 3. 
Since A and B are now real, one root is real and the others are con- 
jugate imaginaries. 

If i2 = 0, the roots are A + B,-^A + B)y - ^{A + B), and 
hence are all real. 

If R < 0, tlie radicals in formula (5) are imaginary. . But (see 

Appendix) there exists a cube root of — ^ -|- i/R of the form 



a -\- §^ — I, or and ft being real, the other two cube roots being 



QQ{a + /?|/ — 1) and Gi^{a + /?|/ — 1). The conjugate imaginary 

A« ___^_^ 

— — — >/i? will then have as its cube roots a — y^j/ -— 1, 



a^{ot— fi^ — 1), GDi^a — l^\ — 1). Hence the roots (5) may be 
written (since the product of the two terms in any root is the real 
number — ^/3): 
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{a^fi^r^) + (a - fiV'^^) = 2a, 
co{a + p^ - 1) 4- co'(a - /?i/^^) = - a ~ /?|/3, 



Gj^(a + /?4/- 1) + (»(flf - /?|/ - 1) = - « + /?>/3. 

These real roots are readily seen to be unequal. 

Thus when the roots of a cubic equation are all real and 
unequal. Cardan's formulae present their values in a form involying 
imaginaries. In eliminating these imaginaries^ it was necessary to 
express the cube root of a complex number in the form of 

a+Z^i^— ^« If we attempt to do this algebraically, we find that 
a, /? depend upon equations similar to the proposed equation. For 
example, ol depends upon a cubic equation all of whose roots are 
real, so that its roots would depend upon expressions as complicated 
as a itself. Hence the case when all three roots are real is called 
the ** irreducible case," since Cardan's formulad then have no prac- 
tical value. But this case is precisely the one which can be readily 
solved by trigonometry. [See Appendix.] 

174. Since co* -|- a> + 1 = 0, we find by formulae (5) that 

y, + y. + y,= (i + G' + «^)(^ + ^) = o, 
y^v. + yiy» + y^^ = i^<^ + ^<^)^^ = - 3^^ = - 3(3^) = p, 

y,y,y,^{A + B){A^+ B' + <^AB+coAB) = A^ + B^=^r, 

3/117 ^' 8 /ITT i 

where we have set ^ = a/ — — + y jB, B = \/ — 4/^. 

Hence in a cubic equation lacking the term y', the sum of the 
roots is zero, the sum of the products of the roots taken two at a 
time is the coefficient of y, and the product of all the roots is the 
negative of the constant term. 
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EXERCISES. 

Solve the cubic equations 

1. aj» - 18aj -f- 35 = 0. 2. aj» - l&r -f 4 = 0. 

8. aj»- 27a? 4- 54 = 0. 4. aj» 4 6«« -f 3ar + 18 = 0. 

6. 28aj» + ftjj* - 1 = 0. 6. aj» -f 4aj* - llaj -h 6 = 0. 

7. Since a;, = yi — a/3, aj« = yi — a/3, «, = y, — a/3 are the roots of 
the general equation (G) if yi , j/s » ys are the roots of the reduced equation 
(R), show that aji + a?i -|- «» = — a, XxOh + ^i2?« + »»«« = 6, aJiaJtiUa = — c. 

175. The solution of equations of the fourth degree was at- 
tempted by Cardan, but was first accomplished by his pupil Ferrari. 
It is sometimes ascribed to Bombelli, who published it in his 
algebra in 1579. Other solutions have been given by Descartes in 
1637 and by Euler in 1770 and by many later writers. 

176. Ferrari* 8 solution of the quartic equation 

(6) a:*+^ + yic2 + ra; + « = 0. 

The equation may be written 

{f + |a;j = ^^- - q^x^ -rx^8. 

In case the second member is not a perfect square, add to each 
member [a? + ^)y + j-. Then 

<')Kl-+l)'=(^+?-')^ + (f-)^+(?-)- 

The second member will be a perfect square (§ 31) if 

(y+^-?)(y'-4«)-(f-r)' = 0. 

Hence y must be a root of the cubic equation 

(8) y^ — qy^ + {pr — 45)y + ^^^ —]^s — r* = 0. 

Let yj be a root of (8) and set ^j + ^^ — q'E.T, The right mem- 
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ber of (7) may be written 
Hence (7) factors and giyes 

(9) ■! 

Solving these quadratics, we obtain the roots x,, x, ; z,, x^ of (6) 
We observe (§ 32) that 

Hence 

x,x^+x,x^+x^x^+x^x^+x^x^+x^^ = x^x^+{x^+x;){x^+x^)+x^x^ =q, 

x^x^x^+x^x^x^+x.x^^+x^x^x^ = ^M^i + ^4) + ^M^i + ^2) = — ^• 

-Pbr a general guar tic equation (4), the sum of the roots is — p^ 
the sum of the products of the roots two at a time is q^ the sum of the 
products three at a time is — r, the product of the roots is s. 

Example. Solve the quartic equation a?* + 2a?^ — 120;* — lOar + 3 = 0. 
The auxiliary cubic (8) is here y* + 12y* — 32y — 256 = 0, one of whose 
roots is — 4. Taking yj = — 4, we get T = 9. Hence equations (9) are 

a;« + 4a; - 1 = 0, a;* - 2a; - 3 = 0, 

whose roots are — 2 ± V^5 and 3,-1. 

177. If we set a; = 2 — -^ in (6), we obtain for z a quartic equa- 
tion lacking the term z\ Consider then the reduced form 
(10) z^+Qz^+Rz + S = 0. 
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Descartes' solution consists in factoring the left member of (10) 
into 

(z^ + kz -\- l){z^ - kz + m) = z*+{l + m-I(^)z^+ k{m -- l)z + Im. 

In order that this expression shall be identical with the left member 
of (10), the corresponding coefficients must be equal: 

l + m-B=Q, k{m-l) = E, Im = 8. 

Substituting the values of / and m derived from the first two rela- 
tions into the third relation, we get 

{Q + ^ + R/1c){Q + F - R/k) = 4;S'. 
. •. *« + 2Q¥ + (§2 __ ^s)B -E^=0. 

We have thus a cubic equation for k^. When it is solved, we derive 
the corresponding values of I and m. Then the roots of (10) are 
given by the solution of the two quadratic equations 

z^+ kz + l = 0, z^ - kz + m = 0. 

For example, to solve z^ — 'dz^ + 6;? -— 2 = 0, we have the con- 
ditions 

Z + w — F = — 3, k{m — Z) = 6, Zm = — 2. 

The latter is satisfied by ^ = 4. Taking ^ = 2, we get m = 2, 
Z= -1. 

. •. z^-3z^+6z-2 = {z^ + 2z- l){z^ - 22? + 2). 



The roots are therefore — 1 ± //2 and 1 ± 4/— 1. 

178. Euler's solution of the quartic equation (10) consists in 
assuming as the general expression for a root 

Squaring and transposing the terms free of radicals, we get 
z^ ^u —V — w= 2(i/u i/v + ^u i/w + ^v ^w ). 
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Squaring the latter and reducing, we get 

«* — 2(u-\'V'\'io)^ — %{u^j/w + v|/tt 4/w + wy'w i/v)+A =0, 

where -4 = (v + ^ + ^Y *"" 4(t*t; + ^^ + vw). 

.'. «* — 2(t^4- V + ^)^ — S^ 4/** V^ |/w + -4 = 0. 
Comparing the latter with equation (10), we get 

» + t; + w = — \Qy |/w y'v 4/w = — |i?, A — S. 

Hence, by Exercise 7 of § 174 or by the theorem of § 182, t*, v, w 
are the roots of the cubic equation 

P + ^Q^ + (AC* - \^)t - i^lP = 0. 

Since the expression for z involves three square roots, it might 
seem that the quartic equation would have eight roots. But the signs 

of the square roots must be chosen so that 4/w 4/v \/w = — ^i?, so 
that only two signs are arbitrary, giving four roots. 

EXERCISES. 

Solve the quartic equations 
1. «* - 2«» - 8« - 3 = 0. 2. a?* - 2aj3 _ 7aj2 + 8aj + 12 = 0. 

8. «* - IO2? - 20e - 16 = 0. 4. oj* - 8aj» + 9aj» + 8a; - 10 = 0. 

6. If a quartic has two equal roots, the auxiliary cubic has two equal roots, 
and inversely. 

6. If a quartic has two distinct pairs of equal roots, then two of the roots 
of Euler's auxiliary cubic are zero. 

7. The roots of the quartic (6) are i{— p ± i/A ± i/B± 4/c), all the 
signs being -}- , or two signs — and one sign -{- , if A, B, C are the roots of 

ir» + (8g-3^) TT^ + (SiJ^-lGp^g 4- 16^ + 16pr - 64«) TT- (^-4pg + 8r)2 = 0. 

8. Solve the general cubic by multiplying in a new factor « — A, and using 
X to make the auxiliary cubic solvable by inspection. 

179. "During the eighteenth century many unsuccessful attempts 
were made to solve the general equations of the fifth and higher 
degrees. In 1770 Lagrange analyzed the methods of his predeces- 
sors and traced all their results to one principle and proved that the 
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general quintic equation cannot be solved in this way, since the 
auxiliary equation is of the sixth degree and of essentially general 
character. It was then proved * by Abel, Wantzel, and Galois that 
it is impossible to solve by algebraic means the general equation of 
degree n for li > 4. But the equation of the fifth degree may be 
solved in terms of elliptic functions \ (Hermite). The roots of cer- 
tain equations of the fifth degree may be expressed by radicals. J 

Example 1, Find all the roots of «^ — 1 = 0. 
The four roots different from the root 1 satisfy 

"" \ =aj* + ic' + i»24-a;-fl=0. 
If we divide by oj* and set « H = y, we find that 

•27 

y» + y-l = 0, y = i(-l ± V6). 
.-. «» - -|- (- 1 ± V5 ) + 1 = 0. 
Hence there are four imaginary fifth roots of unity : 

^{-l+ys'i |/l0+2i^5 l/^^lj, i{-l- 4/5" ± |/lO - 3 i/5 /^l} 

If we denote one of them by e, the others are e*. e', e*. Indeed, since e* = 1, 
then (6*)* = 1, {e^f = 1, (e*)* = 1. Also no two of them are equal; for ex- 
ample, e = 6* gives e = ± 1, e = e* gives e' =: e* = 1. We notice that 

1 + e + 6« -f- e» + 6* = 0, 1.6.e2.e».e* = e" = 1. 
Example 2. Solve the equation 

y* -\-pf + Wy + r = 0. 

Substituting 

(11) y = '-h' 



* See Serret, Gours d'Algebre Superieure, t. 2, sec. V, eh. II. 

f On this and allied subjects, see Jordan, Traite des substitutions et des 
equations algebriques, Paris, 1870 (pp. 370-382). 

t Concerning solvable quintics see McClintock, American Jour. Math., 
Vol. 6, p. 301. 
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the equation becomes 

£* - 1^ -h r = 0. 

We therefore obtain an equation of the second degree for s^. Hence 
Proceeding as in § 172, we obtain the five roots 

6 / Z 6 



where e denotes an imaginary fifth root of unity (Example 1). 

The same method is to be followed in working Exercises 9-13 below, the 

P 
substitution being y = « — — for an equation of degree n, as in (2) and (11). 

Example 3. The equation y* + py*' + ^.V* + $y ' + i>y + 1 =0 may be 
solved by algebra. It has the root — 1. Dividing out the factor y -|- 1, we 
obtain the quartic equation 

y* + (P - i)y» + (g - p + 1)3^ +(p- i)y + 1 = 0. 

The latter may be solved by the earlier methods or more simply by setting 
vA = 2, whence y» -f- — - = g* — 2, so that 

y y 



Then y = \{z-\- |/«* — 4) gives the four values of y. 

180. A reciprocal equation is one which is not altered by re- 
placing the variable by its reciprocal. The equations solved in ex- 
amples 1 and 3 of § 179 are reciprocal equations. Just as these 
special equations were solved by means of equations of lower degree, 
so the solution of any reciprocal equation may be made to depend 
upon the solution of an equation of lower degree. ] 

If the given equation is 

(12) y^ +p,y''-' + p, r "' + ••• + Pn-2y'' +Pn-i y +Pn=0, 
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the equation obtained by writing — for y and multiplying by y** is 

if 

If the two equations are to be the same^ we must have 

PvPl = Pn-l>PnPi=Pn-»y ' • • , PnPn-%= Pt y PnPn-l = Pi y Pr? = '^ - 

Hence j9„ = ± 1, so that there are the two following types: 

(I) Pn=+'^y Pi=Pn-l Pi=Pn-2y Pt=Pn-iy " 'y 

(II) Pn= —'^^ Pi= —Pn-l^ Pt=—Pn-%y Pz= —Pn-iy •" 

Suppose that (12) is a reciprocal equation of type (I). Then 

(13) {y^+i)+p,{y''-'+y)+pAr-'+y')+P,{y''-'+y')+ . . . = o. 

If n is odd, n = 2t + 1, the iinal term in (13) is pt{y*^^ + y*). 
The terms are all divisible by y + 1 ^^^y i^ ^^g quotient be C(y), 
the equation Q{y) = 0, of even degree n — 1, is a reciprocal equa- 
tion. In fact, the dividend (13) and the divisor y -\- 1 remain un- 
altered, aside from a factor y"* and y, respectively, when — is 

written for y, so that a similar result must hold true for the 
quotient Q{y)> Moreover, Q{y) = is of type (I) since the con- 
stant term is + 1, being derived from the division of y" -f 1 (^ odd) 
by y + 1 [see formula (3), Chapter III]. As an illustration see 
Example 3 above. Hence Q{y) = is of the character next treated. 
If n is even, n = 2^, the final term in (13) is ^^ y*. Dividing 
the equation by y*, we get 

(y+^)+i'.(y-'+3p-)+p.(y^'+^J+- • ■+p^{y+-)+Pt=o. 

Sety+^=«. Theny* + ^, = 2»-2, y»+i = «»-32. The 

if if if 

general term may be derived from the identity 

(14) y' + ^ = .(r- + ^) - [f-* + ^). 
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.-. y* + A^ = ;e(2* - 2) - « = z« - 32. 

.-. y* + -i- = 2(2» - 3z) - (2? - 2) = ;s* - 42^ + 2. 

.-. y'^--^ = «(«*- 4^2 + 2)- («» - 3;?) = z* - 52r» + 52. 

By mathematical induction (an exercise left to the reader), we get 
« I 1 « « 1 . wi(m— 3) ^ . fn(w— 4)(m— 5) ^ . , 

^ "'"r" "^^ + 1^2 " i>2.3 — ■^"^"•+--- 

. / 1 v ,m(m-p-l)(m-^~2)...(m-2p+2)(^-2;?+l) ^^,^, 
■^^ ^ 12.3...;? ■*■•• 

Hence equation (13) is reduced to an equation of degree t = n/%. 

Suppose next that (12) is a reciprocal equation of type (II). If 
n is odd, n = 2^ + 1, the equation may be written 

(jr-i)+i>i(r-'-y)+A(r"'-y') + • .• +ft(y*^'-y') =0, 

and the left member is divisible by y — 1. Calling the quotient 
Q(y), we note that the dividend and divisor remain unaltered, aside 

from the respective factors — y* and — y, when - is written for 

y, so that a similar result must hold for Q{y). Hence Q{y) = is 
a reciprocal equation of even degree w — 1, Its constant tena 
is + 1, since it arises from the division of y~ — 1 by y — 1 [see 
formula (2), Chapter III]. Hence Q(y) = is of type (I), whose 
reduction to an equation of half the degree was just effected. 
If n is even, n = 2^, the equation becomes 

(y"-i)+i>i(y"-'-y)+i?,(y-'-y') + - . • +i'/-i(y*^'-y*-') =o, 

and the left member is divisible by y^ — 1. Dividing by this factor^ 
we obtain an equation of even degree n — 2, which may be shown, 
as in the previous case, to be a reciprocal equation of type (I). 
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In addition to the examples 1 and 3 above, consider the equation 

y« ~ 1 = 0. 
Removing the factor y^ — 1, we get the reciprocal equation 

5^ + 2^2 + 1 = 0. 

Setting y H = a;, we get z* — 1 = 0. Hencey +- = ± 1, or 

y2-y + l = 0, y^ + y + l = 0. 

Example. Solve y^ - 5y* + 9y» - 9y« + 5y - 1 = 0. 

Dividing out y— 1, we get y*— 4^* + 5^*— 4y + 1 = 0. Setting y-\ — = «, 

we get «" — 42 + 3 = 0, whence 2 = 1 or 3. Hence 

y» - y + 1 = 0, or y'' - 3y + 1 = 0. 

.-. y = i(l ± V^^l 4(3 ± 1/5 ), or 1. 

EXERCISES. 

Solve the following reciprocal equations: 
1. y« + 1 = 0. 2. y' - 1 = 0. S. y^ + l = 0. 

4. y» - 5y« - 5y + 1 = 0. 5. y" - '7t^ -i- 1^ - y^ + 7y ^ 1 =z 0, 

6. y» - Sf + 8y - 1 = 0. 7. y* - 10y» + 26y2 _ lOy + 1 = 0. 

8. yio _ 32^ + 5^ _ 5y4 _}_ 3yJ _ 1 = 0. 

Solve, by the method of § 179, Ex. 2, the equations 
2 1 

9. y'^ + py^-^ ^y' + ^i^'y + ^ = 0. 

10. y' + py'-i- ^y" + !« i>*y» + ^^pV + ^ = 0. 

11. y'' -\-pt/'-h ^pY + -^pV + -^.pY + YiiP^P + r = 0. 

12. ys + lOyS + 20y + 31 = 0. 

13. y* + 30y» + 180y - 211 = 0. 

181. The Fundamental Theorem of Algebra. An equation of 
the nth degree has exactly n roots. 

From our solution of the general equations of the degrees 2, 3, 
and 4, we conclude that they have exactly 2, 3, 4 roots, respectively. 
In the Appendix it is proved that any equation has a root, whatever 
be the degree of the equation. It may then be readily shown that 



V 
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an equation of the nth degree has exactly n roots. Let the given 
equation be 

(15) f{x) = p^+p^af^-^+p^af^-*+ . . . +p^.^x+p^=0 (p^ ^ 0). 

By the theorem cited, it has a root, say a, so that f{a) = 0. By 
the factor theorem^ f{x) is divisible hy x— a: 

f{x) = (X - a)Q{x), Q{x) =p^-' + q,x-' + • • • + ?n-i. 
Also the equation Q{x) = has a root, say /3, so that 

Q{x) = (rr - /S)Q'{x), Q\x) ^p^"' + raf*"* + • - • 
.-. Ax) = {X ^ a){x - fi)Q\x), 

so that P is also a root of the original equation /(a;) = 0. Proceed- 
ing in this way, we get 

(16) f{x) ~ p,{x^a){x ^ft){x^y)...{x-^ v). 

But a product vanishes if, and only if, one of its factors vanishes; 
and X— a, for example, vanishes if, and only if, a; = or. Hence the 
equation has the n roots a, /S, y, , . ^, v and no other roots, if^,,:^0. 

In case ot = /3, with a different from the remaining roots, we 
say that the equation has a double root a. In case a = /3 = y, 
with a different from the remaining roots, the equation is said to 
have a triple root. In general, it may have a root of multiplicity 
2, 3, 4, . . . , or n. 

As shown in §§ 76, 77, an equation of the nth. degree having 
more than n roots has all its coefficients equal to zero and is an 
equation only in appearance. 

If follows that the equation whose roots are a, >5, . . . , i' is 

{x — a){x^— /?).-. (a; — v) = 0. 

For example, the equation having the roots 1, 2, — 1, — 2 is 

{X - l)(a: - 2)(a; + l)(a; + 2) = (x^-l) (ar^- 4) = ar*- 6x^ + 4 = 0. 

182. Eelations between the roots and the coefficients of an 
equation. As illustrations of the general theorem now to be proved, 
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the case of the quadratic equation (§ 32), the case of the cubic 
equation (§ 174 and Exercisie 7), and the case of the quartic equa- 
tion (§176) should be reviewed by the student. 

Suppose that in an equation (15) of the nth degree the coefficient 
Pa of the highest power a:» is unity J^ Comparing it with (16), we 
have 

Upon multiplying together the n factors in the second member and 
denoting by S^ the sum of the roots a, /3, , . . , /4, v, by 8^ the sum 
of their products taken two at a time, etc. , as written below, we get 

af'^ S,af'-'+S,af'-^-'S,x^-'' + ... + {-lY-'Sn_iX + (-1)~/S;. 

Since this expression must be identical with a;** + . . . + p^, we get 

(17) \ --p^ = S^ = aJ3r+a/3M + '" + rMy, 



(- 1)X = SnS afiy . . . /iv. 

If the coefficient of x^ is unity, the negative of the coefficient 
of af^~^ equals the sum of the n roots; the coefficient of x'^~^ equals 
the sum of the products of the roots taken two at a time; the negative 
of the coefficient of QiS^~^ equals the sum of the products of the roots 
taken three at a time, etc.; finally, (— 1)** times the constant term 
equals the prodtcct of the roots. 

Corollary. If the roots of an equation are all positive, the coef- 
ficients 1, jPp J9j, i?3, . . . J^» are alternately positive and negative. 
If the roots are all negative, the coefficients are all positive. 

183. Since we have n relations (17) for the n roots, it might be 
supposed that these relations would enable us to determine the roots. 



* If it is not unity, we divide the equation by p^ and use the new equation. 
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To show that the determination of one root a by means of these n 
relations requires the solution of the given equation of the nth 
degree^ we consider the case n = 3, the method being general. Then 

Multiply the first relation by a', the second by — a, and adding to 
the third relation^ we get ^p^ a^ — p^a — p^ = afl, 

.'. ofi + p^a^ + p^a + p^ = 0, 

which is the given cubic 3^ + Pi^ -\- p^x -^ p^ = with a written 
in the place of x. Evidently any other method of eliminating ft 
and y from the three relations must lead to the same result. 

But the relations between the roots and the coefficients are 
nevertheless of both theoretical and practical value in problems on 
the solution of the equation. 

184. Example 1. Solve the equation ar* -f 5«* — 1^ — 80 = 0, given that 
one root is the negative of another root. 

Since the roots are a, fl= —a, y, we have 

— 5 = a -f /3-\-y = y, — IQ = afi -\- ay -\- fiy z= ^ a*, 80 = a/Sy = - ay. 

Hence x = — 5»^=±4, /8=t4. The roots are thus — 5, 4, — 4. 

Example 2. Solve the equation a? — 15ii^ -|- lix — 105 = 0, being given 
that the roots are in arithmetical progression. 

Denote the roots by e — dy e, c-\-d. Their sum Se equals 15, whence 
<j = 5. Also 

(c-(i)c-f («-d)(c + d) + c((5+(i) = 3c*-d« = 71. 

Hence cP = 4, d = ± 2. The roots are thus 3, 5, 7. 

Example 8. Solve the equation a?* + 20a^ — 210aj^ — 540a? + 72d = 0, the 
roots being in geometrical progression. 

Denoting the roots by a, ar, ar^, ar*, we get 

- 20 = a(l 4- »• + ^ + r») = a(l + r)(l + r»), 
- 210 = aV + ^ +2r» + r* + rS) = aV(l -fr + r*)(l + r»), 
540 = aHr^ + r* + r* + r«) = aV(l + r)(l + r»), 
729 = a V. 
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By the first and third relations, a'r* = — 27, and the fourth relation is satis- 
fied. Substituting the value of a? in the second relation, it becomes 



210 = 27(1 + r + i)(r+i). 



which is evidently a reciprocal equation (§ 180). 

, 1 7 -10 

•'• ^ + 7=3' ^" -3- 

Using the second value, we get r = — 3 or — J. For r = — 3, we get a* = 1 ; 
but the first relation gives a = + 1* The roots are 1, — 8, 9, — 27. 

Example 4. Solve the equation 6aj* — llaj^ + 6a; — 1 = 0, being given 
that the roots are in harmonical progression. 

11 1 _ 11 1 1 I ^ ^1 

1 _ 1 

e{6-d){c^d)~ 6* 

By the last two relations, {c -{- d) -\- {c — d) -\- c — ^^ whence c = 2. The third 
relation then gives (2 — dX^ + c2) = 3, whence d* = 1. The roots are there- 
fore 1, i, J. 

Example 5. Given that one root is double another, solve the equation 

24ic» + 14ic« - 63aj - 45 = 0. 

The roots being a, fi = 2a, and y, we have 

8« + r = =2^. 2a» + 8ar==f, 2«'r = g. 

1^ g 25 5 

By the first and second relations, a: = — or —j-y y = or —. But the 

1 — 25 

pair of solutions a: = — , ^ = — Tq"" ^^ ^®* satisfy the third relation, whereas 

the pair a •=. — j— , ^ = — do. Hence the roots are — r-, -^5-, ^. 

EXERCISES. 
Form the equation whose roots are 
1. -3, + 3, 1. 2. ± 1, ± 2, 0. 8. (5 + cf, c - d, c, d. 



4. 1, 1 4- A 1 - 1^3. 6. _ 1, 2 + 8 4/ - 1, 2 - 3 j/ - 1. 
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6. Holye 4«* — l&t* — 9jj -f- 86 = 0, one root being the negative of anx)ther. 

7. Solve jc* — lOst* + 27 J? — 18 = 0, one root being double another. 

8. Solve a^ — 9^ -j- 28iP — 15 = 0, one root being triple another. 

9. Solve aj* — 40!* — 2a?* -|- 12aj -j- 9 = 0, having two pairs of equal roots. 

10. Solve ar* — 2j:* — 2\x^ -f- 22j; -f 40 = 0, whose roots are in arithmetical 
progression, say c — 86, e — 6, c -p6, c -f- 86. 

11. Solve a^ - 14a!» — 84ic + 216 = 0, whose roots are in A.P. 
IS. Solve 27a:' — 42a;* - 28a; -|- 8 = 0, whose roots are in G.P. 

IS. Solve 8ar* - 40a:» -f 130ar» — 120a; + 27 = 0, whose roots are in G.P. 

14. Solve 24a;' - 26a;* + 9a; - 1 = 0, whose roots are in H.P. 

15. Solve 81a;* - 18a;* - 36a; -f 8 = 0, whose roots are in H.P. 

16. Solve the equation in Ex. 15, one root being the negative of another. 

17. Solve the equation in Ex. 14, one root being double another. 

18. If the roots of ar* — pj^ -f- ya? — r = are in G.P., then g* = p*r. 

19. If one root of a;* — pix? -f ^ — r = is the negative of another, pq — r. 
80 Solve a^ — 4ar» -h 12^^ - lOa; + 3 = 0, having a triple root. 

81. Solve 3^ - 13a;« + 67a;» - 171a;* + 216a; - 108 = 0, having a double root 
and a triple root. 

185. Fractional Roots. An equation whose coefficients are 
integers, that of the first term being unity y has no fractional root. 

For if the fraction -, where a and h are integers having no 

common divisor greater than nnity, is a root of the equation 

then, setting ^^-r and multiplying the equation by S""^, 

a" 
so that the fraction -r would be expressible as an integer, which is 

contrary to the hypothesis on a and h. 

186. Surd Roots. If an equation mth rational coefficients Jias 
the root a + 4/^, where a and h are rational, but |/6 is irra- 
tional^ then the equation has the root a — ^b. 
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Let a + 4/^ be a root of f{x) = 0, an equation with rational 
coeflBcients. Consider the product 

{x — a — VV){x — a-\- i/b) = {x— ay — b=x^ — 2ax + a^ — b. 

Divide this quadratic expression whose coefficients are rational into 
the function f{x) and denote the quotient by Q and the remainder by 
Hx + E', where E and E^ are rational numbers independent of x. 

.-. f(x)=Q{(x-ay-b\ +Ex + E\ 

This identity holds for any value of x. Taking x =^ a-\- >/^, the 
left member is zero by hypothesis, also {x — ay — b vanishes. 

.-. = E(a + i/b) + E'. 

By § 5, this is possible if, and only if, 

• = Ea + E', 0=E. 

Hence E=0, R = 0, so that f{x) is divisible by {x—ay + b and 

therefore by the factor x — a-{- \^b of the latter. Hence a — |/^is 
a root oif{x) = 0. 

187. Imaginary roots. If an equation with real coefficients has 
the root « + ft 4/ — 1, where a and b are real, it has also the root 
a — b 4/ — 1, so that imaginary roots occur in pairs. 

Let a + ib, where i = 4/ — 1, be a root otf{x) = 0, an equation 
with real coefficients. Consider the product 

{x — a — ib){x - a+ ib) ^ {x — ay + V^. 

Divide /(a;) by {x — ay + b^ and let the quotient be Q and the re- 
mainder be Ex-\-E', where E and E' are real. 

.-. /{x) = Q\{x-ay+P\+Ex+E\ 
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For x = a + »i, /(«) = by hypothesis. Hence 

= i?(a + ih) + R. 

By § 9^ this is possible if, and only if^ 

= Ra-\- R, Rb = 0. 

Hence 22 = 0, i?' = 0, so that /(a;) is divisible by (a:— a)^ + ^ ^^^ 
therefore by the factor x— a+tJ. Hence a—ib is a root of /(a;)=0. 

EXERCISES. 

1. Solve jc* — ICkc* + 27a; — 18 = 0, the roots being rational. 

2. Solve sr* - 2aj» — 21ir* -f- 23* + 40 = 0, the roots being rational. 

8. Solve ic*--4aj'-f4aj — 1 = 0, one root being 2 + 4/3. 

4. Solve «* — 8(te* — 72aj — 86 = 0, one root being — 3 + 1^3. 

5. Solve ar* — 4ic' + 5jr* — 2a; — 2 = 0, one root being 1 — 4/ — 1. 

6. Solve «* — 3«» — 6aj - 20 = 0. one root being — 1 + V - 3. 

7. Solve ai* - (4 + VS )«» + (5 + 4 4/8 )aj - 5 |/3 = 0. one root being 

2 + t^^^._ 

8. If i^d is a root of the equation in Ex. 7, is — 4^8 also a root? 

9. A root of «■-(» + 5)3!* + (4» + 9)a?-5i-5=0 is l+t. Is 1 - i a root? 

10. Solve a;* + «* - 8«* — 9a? + 15 = 0, with the roots 4/3 and— 1—2 4/^^ 

188. Symmetric functions of the roots. A function of the roots 
«> A K* • • • ^ /*> ^ of an equation 

(18) a^-^p^x--^+p,af^-*+.. .+Pn^ix+pn = 

is said to be symmetrical (§ 33) if all the roots are similarly in- 
volved. For example, the functions 

afiy + • • • + VM'^^y • • • > ^^y . . . Aiv 

are symmetric functions of tlie roots, and their values are — p^, ;»,, 
^Pv ...,(— '^TPn9 respectively (§ 182). More generally, any 
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rational symmetric function of the roots can be expressed rationally 
in terms of the coefficients of the equation. We shall prove certain 
interesting cases of this theorem. 

ExAHFLB 1. To find the sum of the squares of the roots. 

= (-Pif- 20P,) = p;^ - 2p,. 

Example 2. To find a^fi -{- a /S' -\- a^y + ay^ -\- ,..-}- /i^v -j- /ir^ = 2a^ft. 
Multiplying together the equations 

we get 2a* fi -\- Saffy -f Za/S/i -[-...-[- By/iv = — PiPf 

.-. 2a^/3 = Spi - pip^. 

Example 3. To find the sum of the cubes of the roots. 

= (a» + /J» -f . . . + v») 4- (a*/3 + a/3« -f . . . + /^V + ^yi) 
Applying the results of Examples 1 and 2, we get 
^r» -H /5» -f . . . + v' = (- l>i)(Pi'-2p,) - (Sp, - PiPt) = - pi« + ^p^p^ - Sp, 

189. Denote by -5^ 2^, 2^, , . . , 2^ the sum of the 1st, 2nd, 
3rd, . . . , rth powers, respectively, of the roots. Then 2^= — p^, 
-2", = Pi^ — 2/?,, 2^= — p^ + Zp^p^ — 3;?,, by Examples 1 and 3 
of the last section. These results give the relations 

{19)2,-\-p,= 0, 2,+p,2^+2p,= 0, ^,+P,^,-^p,2,+Zp,= 0. 

Another relation of similar form is derived by substituting in 
turn a^ /S, y, . , . ^ V for x in the given equation (18). Then 

a-+p^a--' + p^a-'' + , . . + J0„_i or +jo, = 0, 
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Adding the resulting n relations, we get 

(20) :2.+l>,-2».i+A-S— .+ ...+i'»-i-2i + w;>» = 0. 
We proceed to show that, if r is any positive integer ^ riy 

(21) -S.+j»,-2._i+ft-2.-,+ ...+i?r-i-^i+r;?,= (r=w). 

Substitute for jt?|, . . . , ji^ their expressions (17) in terms of the 
roots. Then* 

^r = (a'+Z^+.-. + n 

A ^V-« = («/»'-* + ^-'P + . . . + /'^-^ + ^-'y) 
P,2r-z= - (a/yr'"" + «r/^-* + . . .) 

- (a/?X<^-» + a/Syv'—^ + ...)» 

;?. _ 1 -2, = ( - 1 )' - H ar/?r . . . /^ + «/? • . . A>^' + . . . ) 

+ (-l)'-*r(a/?y...po- +...), 

ri?r = (~ ^Yr{aPy . . . per + . . .). 

Upon adding the second members, we observe that each quantity in | 
a parenthesis on the extreme right cancels the quantity in the 
parentliesis on the left in the line below, so that the sum is zero. 



* The relations f oUow immediately, except perhaps that for pr _ i^i which 
equals the product of {—iy-\aPy . . . itp-\-aPy . . . Tta-^afiy . . . per-}-. . .) 
and 2^EiO: + fi-\-y + ,'.-\-f[-j-p-\-o'-h...-\-r. There is a single 
way to reach the term afiy . . . npi^ in the product, but r ways to reach the 
term afly . . . icpa, viz., by using either cc, /S, y, . . , , n, p, or o- from the 
sum 2i. 
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Suppose next that r > w. For the case r = w + 1^ we retain 
the above relations with the exception of the last two. The one 
preceding the last is no longer true^ the correct result being now 

= (- lY{afty . . . ;iv2 + aPy . . . /iV + . . . + ai^fiy . . . /iv). 
Upon adding the latter to the n preceding relations, we get 

2n + l+Pi^n+Pt^n-l + ' ' • + Pn-1 2^ + Pn ^1 = 0. 

In a similar manner, we may prove the formula 

But the last formula is derived more simply as follows. Multi- 
plying the given equation (18) by af^, we get 

Setting a;= or, /?,;/,..., /i, I' in turn and adding the n resulting 
relations, we evidently obtain formula (22). 

190. Relations (21), which include relations (9), enable us to 
express 2^, 2^, 2^, . . . , ^„ in terms of the coefficients. We have 
only to take r = 1, 2, 3, . . . , w in turn, the respective equations 
giving 2^, 2^^ 2^, . . . , ^n in turn. For example, 

2^= -p^2,- 2p, = p,2 _ 2p^, 

-^i = - Vi ^t - P,^t -A ^1 - ^P, 
= Px - ^PiPt + ^P, ft + 2ft2 - ^p^. 

Then by employing formula (22) for w = 1, 2, 3, ... in turn, we 
may express ^„ + i, -2^ + ,, ^^^5, . . . in terms of the coefficients. 
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EXERCISES 
1. If a, P, y arc the roots of «* + Pi ju* -j- p, a? + p, = 0, find 

S. If tr, /j;, y, d are the roots of a?* -f Pi ^c* + A a?* -f Ps « + !>* = 0, find 

2„ 2,. 2j, 2., (a«/Jx 4- a«/Jd + . . . -f /^rn («»/?+ a/3» + . . .). 

8. Find the sum of the reciprocals of the roots of the equations in Ex- 
amples 1 and 2. Find the sum of the squares of their reciprocals. 
4. Show that for the general equation (18) 

n 2i 



(a - /j)» 4- (a - r)' 4- (A - r)* + . . . = ^ ^2 - ^{' = 



2,2, 



(a - /J«a - yY(P - y? + 



n 



2, 2, 



2, 2, 
2, 2. 



2, 

24 



6. Solving eqttations (19) and (21) by determinants, prove that 

p, 1 

2. =- 



S,= 



P. 1 
3p, Pi 



Pi 1 




2p, ft 1 


. 2,= 


3Ps ft Pi 





2p, Pi 1 
^ Pi Pi ^ 

^4 Pi Pi Pi 



2p^ = 



^i 



1 



6^8= - 



^l 1 

2, 2, 




2 



^3 ^t ^l 



2ip,= 



^1 1 

2, 2, 2 

2^ 2^ 2, 3 

^i ^Z ^2 ^I 



6. Form the equations whose roots are (1) the squares, (2) the cubes, of the 
roots of ar» + 3aj* + « - 7 = 0. 

7. If a, fi, y are the roots of ar» + Pi ^ + !>« * + P« =0, form the equa- 
tions whose roots are (1) a*, /3^, y^; (2) a-*, /5-«, ^-2; (S) a/3, ay,fiy; 

^*^a'/J>'^^^ y ' ^ ' a ' ^^^ fi ^ a* y^ a' y^ fi' 

8. Form the equation of lowest degree with rational coefficients, one of 

whose roots is (1) f^ + ^5 ; (2)|/2 + ^8 ; (8) VS- V^i (4) V^H- i^^ 
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MISCELLANEOUS EXERCISES. 

1. 1* + 2* + . . . + 71* = jVM'* + IK^'i 4- l)(3w2 4- 3w- - 1). 

2. 1» -I- 3* + •••+««* = Aw'(w + 1)*(2»' 4- 3w - 1). 



3 ^+J- 
1.3"^3.5 



+ =-^ + «d infinitum = — . 
0*7 ^ 



4. The arithmetical mean of two positive quantities is greater than their 
geometrical mean. <^ 

6. According as a = J or a j/L b^ a? •\- H^ = 2ab or > 2ab. 

6. If (a + 6 -f (?)« = 3(a« + &* 4- c2), then a = 6 = c. 

7. If (ai4-*24-- • •4-«n)i' = ^(a2*4-»i^H-- • .4-^*), then a^ = ag = • • • = «n. 

8. According as a? 4- y 4-0 >, = , or < 0, a^4-y' + «*> , = , or < Sajyg. 

9. If X, y, z are real and not all equal, then 

2nxyz < (aj + y + «)» < 9(ic» 4- y* 4- 2*). 
10. Prove by mathematical induction that 



="("+ V4 



o 4- (a 4- cf ) 4- (a 4- 2(«) 4- . . . 4- (a -f 71 - 1<?) 

11. Show that the roots of a?* — 7aj 4- 7 = are 

1.3568958 . . . , 1.69 . . . , - 3.048 . . . 

12. The roots of «' 4- ar* — 2« - 1 = are 1.24698, — 1.80194, - .44504. 
18. The positive root of 7a^ 4- 20aj» 4- 3aj2 - 16a; - 8 = is 0.91336. 

14. (a - Pf + (a - rf 4- {fi- rf = 3«'4- ^ Mr')-Xcc 4- /? 4- rf- 

15. 



16. 



a b c 
— a d e 
-b -d Of 
-c -e -f 


= («/- 


-&<j4-cd)«. 


A4-ri ri + ^i "^ 
A + ^2 ^2 4- oc^ 0. 


^i4- A 

^2 4- A 


e2 


a p r 

«i A ri 

«2 A ^2 



17. Factor aj* - 17a;« 4- 20aj - 6, a* 4- W + 21a;2 -f 26aj 4- 14. 

18. «* 4" ^J* — 2ic^ -|- 4a; — 24 = has two real and two imaginary roots, 

19. Factor (a 4- 1)^ - a^ - 1, 

20. Solve the reciprocal equation 27a;*(l - a;)^ = 4(1 — a; 4- ^)'- 

21. If a, A y are the roots of a;'^ 4- a;* — 2a; — 1 = 0, form the equation 
whose roots are a^ 4- /5^ oc^ 4" x'> P* 4- ^'^^ 



22. Sum to n terms ©7 4- 77 4- 



5! ^ 6! +••• 



1-2 2-3 3-4 
23. Sum to infinity "q" 4" "oT + W + • • 



ao6 'THEORY OF EQUATIONS. [Oh. XIX 

■*• ri+2!+ 8!+ 41+ 61+ 61 + *' + * 

^ 8* 4* 

«»-i'+ri+2!+8i+--- = *'^ 

26. Find the number of shot arranged in a triangular pyramid, there being 
25 shot along each edge. 

27. If the sides of a right-angled triangle are in A. P., they are proportional 
to 3, 4, 5. 

28. At tennis A and B play together with the respective winning proba- 
bilities a and 6. If the score is deuce, show that A*& probability of winning 
the game is 
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Argand's Diagram. In 1806 Argand gaye a method of repre- 
senting complex numbers by points in a plane. The complex 

number x -^y 4/ — 1 is represented by the point {x, y) whose coor- 
dinates referred to two fixed perpendicular lines Ox and Oy are the 
real numbers x and y. To each complex number x + iy there cor- 
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(ap-4-%) 
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Fio. 14. 

responds a single point P, and to every point of the plane there 

corresponds one and but one complex number. If the point P 

moves in the plane, z = x-\-iy changes continually in value and is 

called a complex variable. The length of the line OP, viz., 

207 
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^7? + y^ is called the modulus of x -f iy. The angle = XOP is 
called the argument oi x -\- iy\ it is to be measured counter-clock- 
wise from OX, 

By trigonometry^ the sine of d is the ratio of y to r, the cosine 
of 6^ is the ratio of ^ to r. These relations are written 

sin = -, cos tf = — , whence sin^ + cos* = 1. 
r r 

. •. x-^-iy =. r(co8 + i sin 0). 
For example, i/2 + i^2 = 2(cos 45° + t sin 45°), 



-i+i |/--3 =cosl20''+i sin 120°, i+i i/3 i = cos 60°-fi sin 60°. 

If the points P and ^ represent x + *y and a + ia, respectively, 
it is seen that the point which represents their sum {x+a)-{-i{y-{-a) 
is given by completing the parallelogram two of whose sides are OF 
and OA. It follows that the modulus of the sum (the length of the 
diagonal) of two complex numbers is less than (in a special case, 
equal to) the sum of their moduli. 

The point representing the product of two complex numbers 
may be constructed by applying the following theorem : 

The modulus of the product of two complex numbers is the prod- 
uct of their moduli^ its argument is the sum of their arguments. 

Let x-^- iy = r(co8 0-^ i sin 6^), 

x'+ iy' = r'(cos 0' + tsin 0'). 
Then {x + iy){x' + iy') = rr'(cos + i sin ^)(cos 0' + t sin 0^ 
= rr'j (cos cos 0' — sin sin 0') + i (sin cos 0* + cos sin 0^)\ 
= rr' jcos(S + 0') + i sin {0 + 0')], 

by the formulae proved in trigonometry. 

Demoivre's Theorem. Ifnbe any rational number and any 
angle, (cos + i sin 0]'*^ = cos n0 + i sin n0. 

We have just shown that 

(cos + i sin ^)(cos 0' + i sin 0') = cos (0 + 0') + i sin {0 + 8'), 
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Taking first ff = B^ we have 

(cos 6 -\- i sin Oy = cos 26 + i sin 2^. 
Taking next 6^' = 26^, and applying the last result, we get 

(cos 6> + i sin Oy = cos dO + i sin 36^. 
Taking next ^' = 3^, and applying the previous result, we get 

* 

(cos 8 -\-i sin Sy = cos 4^ + i sin 4^. 

Similarly, if the theorem be true for n = r, a positive integer, it is 
true forn = r + 1^' Hence, by mathematical induction, it is true 
for every positive integral value of n. 

Replacing 9 by -, we get 

IV 



(■ 



0y 

cos — \-i sin -1 = cos ^ + i sin 0. 
n nJ 



- 

. • . (cos + i sin 0y = cos — [- i sin -, 

as one of the nth roots of cos -j- i sin 0, It follows that the 
theorem is true for positive fractional values of n. 
•Next, it n = — m, 771 being a positive fraction, 

(cos + i sin 0Y = 7 ^ , . . — tj^ 

^ ' ^ (cos 6^ + i sin 0)"^ 

1 cos m0 — i sin m0 



cos m0 + i sin md' cos^ m0 + sin^ m^ 
= cos m0 — i sin m0 = cos 7j6^ + * sin wft 

Corollary. Any root of a complex number may be expressed as a 
complex number. Thus ^x -^ iy = \/r (cos 0-{-i sin 0)n. Hence 

yr cos ( — |- * sin -J is one of the nth. roots of a; + iy. Replacing 

6^ by 6^ + 360°, + 2-360°, . . . , + {n - 1) 360°, we obtainvthe 
remaining n — 1 roots. But 0-^-71 360° gives the same root as 0, 
-{- {n + 1) 360° gives the same root as ^ + 360°, etc. 
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EzAXPLB 1. Find the three cube roots of unity. 

1 = C08 -l-t sin = cos 860« + i sin 360» = cos 720<» -f- » sin 7a0*. 
Hence the cube roots of unity are 

coe | + »8ln I = 1, cos 120* + » sin 120- = - i + I V^ = «, 

cos 240' + » sin 240' = - i - ii/-8 = w*. 

Example 2. Find the five fifth roots of — 1. 
-1 = cos 180*-fi sin ISO's cos 640»+tsin540'=...=cos 1620'+isinl620'. 
. •. j/- 1 = cos 86"-|-i sin 86% or cos lOS'+t sin 108% . . ., or cos 324"'+t sin 324^ 

Solution of the cubic y^+py-\-r = Oin the irreducible case 
{see § 173) : 

(1) R=^+^<0. 

Set R=^fl^Bm^0, _ ^ = p cos *. 

.•.p^ = p^(coB^^ + 8in2^) = ^-i2=-^. 

.-. p=:4/-y»/27, cos « = - I -4- 4/- py27. 
Notice that p must be negative by (1), so that p is real; also that 



— - is in numerical yalue less than V'— jDy27 by (1), so that cos 6 

is numerically less than unity. Hence 6 may be found by means 
of a trigonometric table of cosines. 



.• . 4/ — rt + t^-B = Vp cos 6 4- ip sin 

= y p j cos — ^- % sm ^ ^ I , 

where m = 0, 1, or 2 and }fp is a real quantity. Substituting in 
Cardan's formulas, we obtain the three roots 

y = 2y p cos — ^ — {m = 0, 1, and 2). 
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We may proceed indepeudently of Cardan's formulas. By 
trigonometry, cos dx = 4: cos^ a; — 3 cos x. Set z = cos x. 

. • . 2^ — f 2J — J cos 3a; = 0. 
To reduce the given cubic to this form, set y = kz. 



equations will then be identical if 



Determine k so that ~ = — -, viz., take k = \/ — ^. The two 



1 o r r 

— cos ox = -v^ = — 

4 *3 3 



" Y 27 



Hence cos 3ir = — - — -^ 4/— J9V27, the value found above for cos 

Finding ^x from its cosine by means of a table, a root z equals 
cos X. But cos ^x = cos (3a: + 360°) = cos (3a; + 720°). Hence 
the three roots z are 

cos X, cos {x + 120°), cos {x + 240°). 



Multiplying these by * = 2 4/— jp/3 , we get the three roots y. 

FUKDAMEKTAL THEOREM. 

Every equation 2* + p^z"^'^ + • • • + A = ^ *^^ ^ ^^^^* 
If we set w = 2?" + j3j2;"~^ + i?j2"~* + • • • +i^n5 we are to prove 
that there exists at least one complex number z which will make 
w = 0, so that the point (called the z(;-point) in Argand's diagram 
which represents w will be the origin 0. Unless the theorem is 
true, there is a w^-point, say P^ , corresponding to some value z^ of 
z and distinct from 0, such that no other w-point is nearer to 
than P| , so that there is no value of z which will bring the corre- 
sponding w-point within the circle about of radius OPy If we 
prove that the last statement is false, the theorem will be proved. 



1 
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Let us change z from z^ to z^ -f ^i hy adding a small quantity 
Z,. Then w will change from w^ to W', where 

upon expanding the powers by the binomial theorem and arranging 
the terms* according to powers of Z,. The coefficient of Z^ is seen 
to be* 

A = nz--' + (n - l)p,z--^+ (n - 2)p^--^ + ... +Pn-i. 
Since w^ = z^+ /;,Zj*- * + . . . + ^„ , we get 

W=w,+ AZ^ + BZ,^ + . . . + Zj*. 
Set A = a (cos or + i sin a), Z^= r (cos 6 + i sin 6^. As above, 

AZ^ = ar [cos (^ + «) + i sin (^ -f a)]. 

.-, W= w^+ar [cos(&+a)+tsin {e+a)] + C^f^+C^r^+. . . + C„r», 

the exact form of C^ = B (cos ff -\- i sin Oy^, C, , . . . , (7, 
being immaterial. By taking r sufficiently small, the value of 

Cjf^ + . . . + Cnf^ can be made as small as we please, and there- 
fore W will differ as little as we please from 

Wj + «^ [cos (^ + a) + * si^ (^ + ^)]- 

But the point representing this complex quantity will describe a 
circle of radius ar about the point P^ when the angle increases 
gradually from 0° to 360°. -But this circle intersects the circle 
about with radius OFy Hence by assigning suitable values to 
r and 0, the w-point may be brought into coincidence with some 
IF-point lying inside the circle of radius OP^ 

* The later argument assumes that A ^ 0. Since there are at most » — 1 
values of Zi which make J. = (§ 77), such values may be avoided by taking 
some new point for P^ on the circle of radius OPi. 
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Chance, 94 
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Common difference, 64 

logarithms, 20 
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Compound Interest, 73 
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Constant, 76 
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Cubic equation, 180, 210 
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Demoivre's Theorem, 208 
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third order, 38 

fourth order, 50 

Divergent, 114 
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Exponential Theorem, 137 
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Factor Theorem, 27 

Fermat's Theorem, 103 
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First law of indices, 10, 13 

Fractional root, 198 

Function, 76 

Fundamental Theorem, 193, 213 

Generating fraction, 148 

relation, 145 

Geometrical progression, 67, 114 
Graph, 154, 163, 168 

Harmonical progression, 71, 116 
Horner's method, 169 
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Imaginary quantity, 5 

root, 199 

Incommensurable, 58, 144 
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Indeterminate form, 106 
Indices, 10 

Infinite, 105, 113 
Interest, 73 
Interpolation, 142 
Irrational, 2, 3 
Irreducible case, 184, 210 

Limit, 17, 69, 104, 110 
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Mantissa, 20 

Mathematical induction, 100 

Means, 60, 64, 67, 71 
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Method of differences, 148 
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Modulus, 142, 208 
Multinomial Theorem, 92 
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Natural logarithm, 142 .. 

number, 1 

Negative number, 2 

Order of determinant, 36, 38, 60 
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Origin of coordinates, 163 

Parabola, 163, 168 
Partial fraction. 80 
Pascal's Trianzle. 88 
Permanence of form, 182 
Permutation, 86 
Perpetuity, 75 
Plot, 153 

Positive integer, 1 
Power series, 125 
Prime number, 101 
Probability, 94 
Proportion, 60 

Quadratic equation, 29 

surd, 2 

Quartic equation, 185-188 

Ratio, 56, 67, 158 
liational number, 2 



Rational integral function, 77 
Rationalizing factor, 29 
Real number, 4 
Reciprocal equation, 190 
Recurring series, 145 
Reduced cubic, 181 
Remainder Theorem, 27 
Reversion of series, 128 
Root, 30, 31, 194 

Second law of indices, 10, 14 

Series. 113 

Simultaneous equations, 35, 54, 164 
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Square root, 6, 8 
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Surd root, 198 

Symmetrical functions of roots, 200 
Symmetrv, 33 
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Triple root, 194 
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Undetermined coefficients, 78 
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Vary inversely, 61 



di. 



cine 

Bookbinc'i^r' Co., Inc. 

3(;0 Su. : r Street 

Boston, N^Gss. 02210 



